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Retrospective: proofs compute



Brouwer, from 1905: Proofs should be processes

A proof of dn P(n) should provide an ng such that P(ny)
A proof of AV B should be either a proof of A or a proof of B
A proof of A — B should build a proof of B from a proof of A

A manifesto for intuitionistic logic: discarding AV —A



Realisability: extracting programs from intuitionistic proofs in HA
(Kleene 1945, Godel 1958, Kreisel 1962)

Tlog

Teomp € N st Foua Vo 3lm A meomp Hn) L m A P(n, m)
(validating Extended Church Thesis)

%
Ttyping Tlog

Godel : :
' ’ Fr Teomp : N — N sit. Fua VY P(n, Teomp 1)
"a Y Sm Pn, m) (validating Axiom of Choice and Independence of Premises)
M
Ttyping Mlog
Fr Teomp : N — N st Fra Y P(n, Teomp 1)

(validating Axiom of Choice, Independence of Premises and Markov's principle)

The transformations split 7 into a pure computation 7., and a purely logical (proof-
irrelevant) specification 7.



Curry 1934, Howard 1968: Intuitionistic proofs are typed programs

™ T derivation
Fua Vo dm P(n,m) FHA Trawterm © Vo 3m P(n,m)
proof normalisation | S-reduction on terms + subject reduction on derivations

Intrinsic syntax extrinsic syntax

Originally supposed to hold only between intuitionistic logic and functional programming.
Exploited by Martin-Lof to build his type theories.

However, retrospectively, for type theories, there is still an intrinsic/extrinsic opposition:

categories with families type theory
quotient-inductive-inductive types| rawterms + type-checking/conversion rules
(only derivations)




Computing with axioms

a panorama



Different kinds of axioms
We shall consider:

e Classical logic
e Extensionality axioms
e "Arithmetisation” axioms (e.g. Church's thesis)

e Axiom of choice and variants



Classical logic does compute

Gentzen's cut-elimination for sequent calculus, 1932: morally a computation, sup-
porting classical logic, as emphasized in e.g., Auji-calculus and system L.

Prawitz's normalisation for natural deduction, 1965, supporting classical logic.

Double negation translations (Kolmogorov 1925, Gédel-Gentzen 1933, Kuroda, Kriv-
ine): indirectly provides computational contents to classical logic.

Gritfin 1990: Scheme's call-with-current-continuation typable of type:
Peirce’'s law: (A— 1) - A) > A

Felleisen’s C and Danvy-Filinski's S operators typable of type (A — R) — R) — A,
for R type of toplevel computation; C happens to compute similarly to Prawitz; e.g.,

Felleisen: 71 (COAE™UAB) MDY — AT MK = Ax.ky(mi2)]
Prawitzz. C(Ak™UWAB) M) — (A4 Mk = Ma.ky(mz)], Nk B. M [k = Ax.ko(mo)))



After Gritfin: the conviction that all axioms should compute

After Griffin's discovery, it started to become clear that all axioms would compute. In
Paris, Krivine started a program to realise those not already realised: classical realisability.

Example: Krivine showed that all axioms of ZF are realisable.
Example: Miquel 2011's abstract machine for forcing uses a memory.

Example: by doing so, programs are given for the ultrafilter theorem or for well-ordering R.
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In any case, by abstract reasoning: any consistent axiom computes

Indeed, assume a statement A consistent: this means that there is a model, that is a
consistency-preserving syntactic translation * that maps

AFM : L

to
-M*: LT

that is, by preservation of consistency, to

= M* L

If the target logic has a computational interpretation (e.g., ZF, type theory, ...), then, this
interpretation can be pulled back through * to give a computational content to A.
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If the translation is monadic or comonadic, this is a case of Fihrmann and
Munch-Maccagnoni direct style

Fihrmann 1999: If an axiom is interpretable through some monad T then there is a
“thunk-force” calculus that reflects in direct style the behaviour of the axiom through
the monad.

Example, the double negation monad K(A) & ——A generates a translation:

XK X
(A— B)* = AN — K(BY)
(Av B)} AR v BE

> > [l>

such that I, VA (=—A — A) k7 B implies T 7 K(B")

This in turn defines a “classical” calculus where DNE4 : =——A — A computes (see, e.g.,
Hofmann 1994), with rules such as:

E[DNE4(M)] — DNE4(Ak.(M Az.E[k z]))

and where other constructions and rules arrive, e.g., such calculus can be thought as
having a reset of type L.
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Focus on some intuitionistically compatible classical axioms
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Weak classical principles that preserve the disjunction and existence
properties

A few standard classical principles are morally intuitionistic in the sense that they preserve
the disjunction and existence properties, that is, for closed proofs:

AV B implies FA or FB
- 324 P(z) implies F P(t) for some t

This includes:

e Markov's principle
e independence of premises

e double negation shift

We shall survey them.
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Markov's principle

One gets Markov's principle by using Coquand-Hofmann translation:

MP . =—=3dn f(n)=0— 3n f(n)=0
(i.e. DNEy4 for A € X00)

Coquand-Hofmann translation combines a forcing translation (so as to interpret local

uses of MP in the proof) with either an exception monad translation or a double-negation
monad over 3! formulas (Berger, Pédrot 2020, H.):

A / 0 / /
C gxgz(l)(A) =VB eX,(B—+B)—AVB
(then interpreting MP with exceptions, i.e. with dynamically bound continuations)
CHgé’g?(A) 2yB e (B—-B)=>(A—-B)— DB
(then interpreting MP with callcc, i.e. with statically bound continuations)
This can be generalised in various ways (e.g. hereditarily positive instead of X9)
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Independence of Premises
Kreisel modified realisability interprets the independence of premises:

P . (=P — 324 Q(z)) —» Iz (=P — Q(z))

by interpreting all propositions, even L, as inhabited types.

As analysed by Pédrot and Tabareau 2018, this can be rephrased in Curry-Howard style
by using exceptions, and filtering out the non-exceptional inhabitants afterwards.

16



Propositional Double Negative Shift
Also called Kuroda principle, propositional Double Negation Shift is the following principle:

DNS'P : (V2 == P(z)) = ——Va? P(z)

As studied by llik 2011, this can be interpreted in intuitionistic logic by using a reset
delimiting a local use of classical logic within intuitionistic logic.

We will see later another interpretation when A is N.
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Summary: some references about Curry-Howard style computing with
classical logic

Intuitionistic | "0-to-_L" ex falso quodlibet | Prawitz-Malmnas
Classical Intuitionistic- | Markov's rule Dragalin, Friedman, Leivant
compatible | MP Coquand-Hofmann
IP Pédrot-Tabareau
DNS'"P ik
DNSy rephrasing Berger-Oliva (using e.f.q.)
DNSy rephrasing Escardé-Oliva (coinductive)
Essentially- | DNE Kolmogorov, ...
classical EM
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What about computing with extensionality axioms?

Computing with extensionality axioms is mostly about how equality and rewriting
are defined. Here is an excerpt of works describing translations interpretating extension-

ality axioms:

Function Extensionality Gandy 1956 / Takeuti 1953 in HOL
Altenkirch in type theory

Propositional Extensionality | Gandy 1956 / Takeuti 1953 in HOL
Altenkirch 1999 in type theory
Univalence Cohen-Coquand-Huber-Mértberg 2014
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The case of Church's thesis

Church’s thesis reflects within the logic the meta-language countable view at it:

VTN 3etynt ({e}(n) | fn)

This can be proved using a “quote” operator (see, e.g., Pédrot 2024).

20



Part ||

Computing with the axiom of choice

21



On the meaning of the existential quantifier
Different possible interpretations of 3z P(z):

e Yz P(x), as in type theory
o d2 P(z), as, informally, in first-order logic
o ——32 P(z), reasoning classically within intuitionistic logic
e © 1 P(x), as, eg., in linear logic
e U 4 P(x), as, e.g., in Curry-style realisability
We can reasonably set:
324 P(z) £ ||Sa P(w)]|

relying on Prop-truncation, also known as (—1)-truncation, that is, in Coq syntax:

Inductive inhabited (A : Type) : Prop := inhabits (a : A) : inhabited A.
Notation "|| A ||" := (inhabited A).

Notation "| a |" := (inhabits _ a).

Notation "let | a | := t in u" := (match t with inhabits _ a => u end).

Remark: In the presence of classical logic, ||Sa! P(x)]| is equivalent to ==X’ P(z) (see
HoTT Book).
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How the definition of logical concepts impacts the constructivity of choice

One standard formulation (for R : A x B — Prop):

ACapr : Va 3y” R(z,y) — 3f*7PVat R(z, f(z))
Several possible interpretations. ..

ACHE . Vot SyP R(z,y) — SfA7BVe R(x, f(x))
ACYEr ¢ Yot ==Xy" R(z,y) — -—Sf*7 Vet R(z, f(x))
ACHER ¢ Vo' ||IZy” R(z,y)|| = ||Zf" 7P Vo Rz, f(2))]]
ACUEE  Va |[Zy? Rz, y)|| = |[SSPF2Pop (S C R AV 3lyP S(x,y))]|
ACULR @ & &ys Rlz,y) = @pan &pa Rz, f(2))
AChgr @ Me(z€eA— U,y e B® R(z,y))) —

Ur(Nz(z € A — f(z) € B)) @ Ny(zr € A — Rz, f(z)))

.. resulting in different strengths

Remark: additionally, in the presence of quotients in the ambient logic, AC™ implies
back EM (Diaconescu 1975), as well as weak functional extensionality (Carlstrém 2004).
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Martin-Lof's (type-theoretic) constructive (intensional) choice

ACHL  aSyP P(x,y) — 7BVl Pz, f(x))

This formulation has a simple computational contents, by distributivity of V over X:

ACHE & NH. Az (H z), \e .y (H )

This implies constructive type-theoretic variants of choice, such as dependent choice:

DCE : YadYyd P(a,y) — Voo SA7A[£(0) = 20 AVR P(f(n), f(n +1))]

0— xo
{)\n.recnof[_+1%xm(H$)], _\
= )\H)\ZIZO I 0— 7T2<H .CIZ())
(refl, An.rec n of 0 — x
m + 1 — mo(H (recn of ) )

_—|—1%x7T1<HCC>
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Convention for the rest of the talk

To reason uniformly, we now assume:

324 P(z) & M(Za? P(2))
for M(A) being either A (the Martin-Lof case), ||A|| or == A (in all cases a monad).

We write ACH, - and AC%gg for the corresponding versions of choice.

25



Digression about the axiom of unique choice

26



Proper functions vs (total) functional relations,
and the role of unique choice

Axiom of unique choice (for 3 = MY):
ACAL . - Vot AyP R(z,y) — IfA7E Vat . R(x, f(2))
(aka known as axiom of no-choice, or functional relation reification)

Unique choice is rather strong: it implies that the logic represents as functions all the
functional relations that is can prove total, meaning that the computational level reflects

the logical strength.

We have

AChpr = AC%ér;zlJFAC!%BR

27



Unique choice and classical logic

ACHL,  Va AyP R(x,y) — If47P Vet R(x, f(z))

In the presence of classical logic, that is if M(A) = =—A, then 3 has the meaning of
==Y and AC! becomes even stronger: it allows to refer to the characteristic function of

any predicate.

Indeed, by classical reasoning, we have, for any predicate P(x) over A:

Vot 3165 (b = true <+ P(x))

And, by AC!, we get the (classical) existence of f : A — Bool such that:
vzl (f(z) = true < P(z))

Thus, classical logic with AC! makes Prop impredicative.

28



Convention for the rest of the talk

In set theory, ACM 7 does not increase the logical strength.

The non-choosing AC! part of AC is the part which increases the logical strength of AC
in a classical setting (if not already in an impredicative setting).

We will nevertheless reason with ACY 5, whose formulation is simpler.
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Another digression, about weak Kénig's lemma
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Impact of the difference between predicates and characteristic functions:
on the intuitionistic provability of weak Kénig's lemma

In the absence of classical logic, it is easier to inhabit A — Prop than A — Bool. This
has an impact on the intuitionistic provability of some weak choice principles, such as
weak Kénig's lemma.

Let T" : Bool®™ — Prop be a binary tree represented as a subset of finite sequence of
Boolean values. We set:

WKL @ (v Fu®" T(u)) — 3 Yn T(f,)

The intuistionistic provability of WKL depends on how the infinite branch f is charac-
terised:

o if f: N — Bool, it needs a bit of classical reasoning (LLPO) and thus a bit of callcc

o if f: N — Prop, it becomes intuitionistically provable (see Coq proof in Logic/WKL.v)

31



|l et's come back to the axiom of choice
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Choice axioms as existence of ideal objects
e The axiom of choice and their variants assert the existence of ideal objects from
intensional properties of these objects

e Some advocates that such axioms can be avoided: see e.g., Coquand’s program of re-
formulating standard mathematical statements using equivalent inductive properties
to avoid the axiom of choice

e Computationally, the existence of ideal objects reduces to being able to produce
arbitrarily precise approximations of the object

33



Reducing the axiom of choice to (relevant) double negation shift

We have |
ACHNsR = ACHE , + DNS PP

where, for B : A — Type:

DNSY" e 2 (v M (B(z))) — M (Vz* B(z))
(the actual formulation of AC in the HoTT Book)

generalises the following subclassical principle, for B : A — Prop:

DNS ;7" £ (Yz —=B(z)) - -—Vz* B(z)

34



DNSIQF’Type has a simple computational content
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Computational content of countable relevant Double Negation Shift

Called modified bar recursion in the context of realisability (Berger and Oliva, 2001, up to
details), the following is a proof of relevant Double Negation Shift in the countable case.

Assume H : VnN==P(n) and K : =Vn?¥ P(n). We define by recursion:

DNSy i (1) £ K(An.if n < |I| then I(n) else efq (H(|I] + 1)(Az""™ .DNSp g (I x z)))
where efq : L. — C' for any C'.

The following is then a proof of DNSI?’Type:

DNS. ""?¢ : VnN—=P(n) — —-=Vn"P(n)
2 MNHAK.DNSy x(())

which yields a computational content to ACy3p.
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A smarter direct computational content of Double Negation Shift

Escardé and Oliva (2009) define an even smarter direct computational content of DNS
(told to be suggested by Berger). The trick is to interpret Vn" == P(n) as a stream:

—=P(0) A (==P(1) A (==P(2) A ..))
and to reason corecursively (under =) to build a proof of:
——=(P(0) A (P(1) A (P(2) A ...)))

First, let us consider an efg-based symmetrical proof of
® P A-mQ = (PAQ)

We also write:
¢ P(m)A (Vn>m+1P(n)) — (Vn > m P(n))
—=¢ : (Pm)A(Vn>m+1P(n))) — —=(Vn > m P(n))

Then, assuming H : Vn==P(n), we define a proof of ==Vn > m P(n) by:
DNSg(m) £ =—¢(H(m) @ DNSz(m + 1))
The following is then a proof of DNSIQﬁ’Type:
DNS, "&£ \ H DNS z(0)

37



Generalisation to other monads

Escardé and Oliva described their algorithm for the Peirce monad, also known as selec-

tion monad:
Peirce(P) & —P — P

for which an appropriate e.f.q.-free symmetrical proof of

® (AP=>P)IN(—Q—-Q)—=>-(PANQ)— PANQ

is available, which is able to produce a pair of proofs without needing to first evaluate
both sides of the conjunction:

p®q = Me.(pa.k(a, g \b.k(a, b)), g \b.k(p Na.k(a,b), b))

For such appropriate monad M, the proof of DNSy " generalises into:

DNS 4 (m) . M(Vn >mP(n))
= (M@)(H(m) @) DNSy 5(m + 1))

DNS,TYPecolm . ypNAL(P(n)) — M(Vn P(n))
AH.DNS(0)

[I>
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Other interesting monads

Another interesting monad is the exception monad, Ercg(P) = PV Q in which
case we would get the constant domain axiom, CD, also known as DIS:

CD :Vz? (P(z) vV Q) = (V2 P(2)) Vv Q

The truncation is another interesting monad, what would give a proof of:

ACRpr - Y [|[P(n)]] — [[Vn™ P(n)]]

In these two cases, it is however unclear how to get a proof of

® M(P)ANM(Q)— M(PAQ)

able to produce a pair of proofs without needing to first evaluate both sides of the
conjunction, as it is crucially the case for =— and Peirce.
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Variant for arbitrary strong monads
An alternative to the absence of an appropriate  ®  able to produce a result without
having to first explore the two sides is, using the strength of the monad, to build from
M(P(0)) A (M(P(1)) A (M(P(2)) A ...))
only a proof of

M(PO)ANM(P(1)ANM(P(22) A ...)))

This is what is done implicitly in H. 2012 (direct style) and Miquey 2017 (classical real-
isability interpretation). An extension to dependent streams is then possible, eventually
giving a proof of the axiom of dependent choice.
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How to scale to DNS on an arbitrary domain?

The above proofs crucially rely on the countability of the domain.

To adapt the proofs to proof of ACY; on any A, one would typically need to replace the
test of equality on the domain by a call to excluded-middle, which in turn would require
to invoke callcc.

41
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Principles equivalent to the axiom of choice
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Standard equivalent forms of the general axiom of choice in set theory

Three well-known equivalent presentations in set theory:

e axiom of choice (AC): any family of non-empty sets has a choice function

e Zorn's lemma (ZL): if all chains of a non-empty partially ordered set are bounded
upwards, the set has a maximal element

e the well-ordering principle: every set can be well-ordered (or well-founded)
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Several pairs of principles equivalent to the axiom of choice

A dual family of choice and bar-induction principles

sometimes strictly weaker:

e axiom of dependent choice (DC), axiom of countable choice (AC,), Boolean
prime ideal theorem (BPI), ultrafilter lemma (UF), Heine-Borel theorem, Hahn-Banach
theorem, Godel's completeness, ...

as well as variants in constructive mathematics, classically equivalent to choice or maxi-
mality principles:

e bar induction, its finitely-branching version fan theorem, ...

A dual family of maximality and well-foundedness axioms
e c g, Teichmiiller-Tukey lemma

e e g, Update induction (Berger 2004)
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Some standard results about choice, bar induction, maximality and
well-foundedness principles

A ¢ > TTL/ZL
Reverse Math in Set Theory
(e.g., Jech, Rubin & Rubin, Herrlich)
BPI/UF bc . ¢ , Ol
Compl 7L, > o ul
WKL ) .
Reverse Math in subsystems Comply, N ! U AT

of 2nd order Arithmetic (e.g., Simpson)
Reverse Math in Constructive Arithmetic

(e.g., Kleene, Kreisel, Troelstra, Ishihara, Berger)

Choice axioms
Bar induction principles

BPI = Boolegn Prime Ideal Theorem 7L, = Countable Zom's Lemma
UF = Ultrafilter Theorem .
AC = Axiom of Choi Bl = Bar Induction
- rom ot L noie . (W)FT = (Weak) Fan Theorem
DC = Axiom of Dependent Choice Compl = Godel's Complet Th
WKL = Weak Kénig's Lemma ompl = Godel's Completeness Theorem
Maximality axioms Well-foundedness principles
TTL = Teichmiller-Tukey Lemma Ul = Update Induction
ZL = Zorn's Lemma Ol = Open Induction
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Some additional results about choice, bar induction, maximality and

well-foundedness principles (with N. Brede, 2021)

AC/GDCABPrime ¢ X TTL/ZL
GBIABco—Prime

Reverse Math in Set Theory
(e.g., Jech, Rubin & Rubin, Herrlich)

BPI/UF/GDC gBooir DC/GDCnpr | , Bl
Compl/GBlAIB%oolT ZLJ_V N ! GB'NBT
WKL/GDCrgooi i/(—) WFT/FT/GBlNBoolT

Reverse Math in subsystems Comply,

of 2nd order Arithmetic (e.g., Simpson)
Reverse Math in Constructive Arithmetic

(e.g., Kleene, Kreisel, Troelstra, Ishihara, Berger)

Choice axioms
Bar induction principles

BPI = Boole.an Prime Ideal Theorem 7L, = Countable Zorn's Lemma
UF = Ultrafilter Theorem .
AC = Ax f Choi Bl = Bar Induction
= fuaom of Ahoice ) (W)FT = (Weak) Fan Theorem
DC = Axiom of Dependent Choice D
WKL = Weak Kénig's Lemma Compl = Godel's Completeness Theorem
GBI = Generalised Bar Induction

GDC = Generalised Dependent Choice

Maximality axioms Well-foundedness principles
TTL = Teichmiiller-Tukey Lemma Ul = Update Induction
ZL = Zorn's Lemma Ol = Open Induction

46
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Some additional results about choice, bar induction, maximality and
well-foundedness principles (with J. Koleilat, 2024)

AC/GDCABPrime ¢ \ TTL/ZL/HMPCFABT
GBIABco—Prime GUIABT

Reverse Math in Set Theory
(e.g., Jech, Rubin & Rubin, Herrlich) \

BPI/UF/GDC gpoolr DC/GDCypT |, . Bl ol
Compl/GBI gBoolr : ) > GBingr 7 Ul/GUingr

7L,
WKL/GDCrBoolr / — % WFT/FT/GBInpoorr

Reverse Math in subsystems Comply
of 2nd order Arithmetic (e.g., Simpson)

Reverse Math in Constructive Arithmetic
(e.g., Kleene, Kreisel, Troelstra, Ishihara, Berger)

Choice axioms
Bar induction principles

BPI = Boole?n Prime Ideal Theorem 7L, — Countable Zorn's Lemma
UF = Ultrafilter Theorem .

AC = Axiom of Choice Bl = Bar Induction

DC = Axiom of Dependent Choice (W)FT = (Weak) Fan Theorem

Compl = Godel's Completeness Theorem

WKL = Weak Kénig's Lemma

GDC = Generalised Dependent Choice GBI = Generalised Bar Induction
Maximality axioms Well-foundedness principles

TTL = Teichmiiller-Tukey Lemma Ul = Update Induction

ZL = Zorn's Lemma Ol = Open Induction

IMPCF = 3 Max. Partial Choice Function GUI = Generalised Update Induction
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A hierarchy of choice and maximality axioms

TTLar

BélTlAéAxB

IMPCF 4p7

~

> maximality

total
s choice
function

plain arrow: instantiation
dashed arrow: more complex proof (sometimes using LEM and extensionality)

Note: WKLZ is here an appropriate LLPO-free variant of WKLy
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Choice principles intuitionistically provable if 9 is X

TTL g7 \
BélTlAéAxB
> maximalit
IMPCF 457 Y
/\;( I \\ \\\
/// : \\ \\\\ J
| AN ~
S N T \
L AR AT
| | N AAN
'\\ | N N total
| 7/ =100 .
\\ | . DCpr 5 WKL% v choice
\ // A A .
\\ i 7 //7 I=Rr T function
\\ \If // /// AAN ///
AC4pp —~ > ACNBR

Computing with AC if dis X: Martin-L6f
Computing with DNS*-™P¢ if Jis M (X) on a countable domain: Escards-Oliva, H.
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Otherwise, reason classically and try to give a computational content to
the dual principles
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A hierarchy of bar induction and well-foundedness axioms

OIB<T )
A
([
|1
AN v > well-foundedness
GUlABT ” UlBT
RN A
\\\ \\\\ : : y
> |
N B2Bool N
Ll oo » Dipr ¢ T
N\ A .
S A=N generalised
S~ bar induction
T AT

plain arrow: instantiation
dashed arrow: more complex proof (possibly using LEM and extensionality)
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Principles for which a computational interpretation is known and described

Olp<r .
A
(|
|
AAN Y v well-foundedness
GUIABT > UIBT
VSO A
\\ \\\ : : )
\ \\>‘ |87 A
N B=Bool \
\\ ______ e BT 7 T
AN A=N generalised
Seel bar induction
B AT
J

Computing with Bl: Spector 1962, Schwichtenberg, Bezem, Kohlenbach, U. Berger,
Berardi-Bezem-Coquand, ...

Computing with Ol: Coquand 1997, Mahboubi 2004, U. Berger 2004

Computing with Ul: informally Berardi-Bezem-Coquand 1998, U. Berger 2004
Computing with . Fontanella-Geoffroy 2020

Computing with on uncountable language: Krivine 2011
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What is bar induction?

Let's consider first different ways to define well-foundedness
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Trees (and their negative) as predicates

Let B be a domain and w ranges over the set B* of finite sequences of elements of B.
We write () for the empty sequence and u x b for the extension of u with one element b.
For T' a predicate on B*, we define:

T is a tree T is monotone

(closure under restriction) (closure under extension)

VuVa(uxa €T —-ueT) | YuVa(ueT - uxa€eT)
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Inductive characterisation of a well-founded tree-as-predicate

T inductively well-founded is short for inductively well-founded at () € A*

T inductively well-founded at u holds when:
eu¢T

e or, recursively, for all a, T is inductively well-founded at ux a

Cotb1oD
e o1b12b20 >

Coo1bid
C S ¢ Bo1bigba1 >

S S
bo2 D Co1b12b2z >

Cootbiz D
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Observational characterisation of a well-founded tree-as-predicate

T observationally well-founded

V8 eN—= B.3In e N. -T(8),)

(o110
>

D
IS C Do1biabay

() > b1 bio S
oz D Co1bizbaz

(o113
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Two characterisations of a well-founded tree-as-predicate
an observational vs intensional perspective

e From the “effective” representation of a tree we can always construct
a predicate that is an “observational’’ representation of the tree

e To conversely obtain an effective representation of a tree T from its observational
representation requires an axiom:

T — T
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Bar Induction

If instead we build the negative of a tree-as-predicate and restate well-foundedness on
the negative tree, one obtains bar induction:

o [ is the same as T’
o T is the same T’
) says that for a type B and a tree T,
L barreg = I d

observational ey
effective
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Dually: ill-foundedness

Dually, ill-foundedness of a tree T' can be defined in different ways.

Let us concentrate on the finite-branching case. We have:

Effective view

T is staged infinite 2 Vn3ulu|=nAuecT

Observational view

T has an infinite branch 2 JaVu < aT(u)

Kénig's Lemma is a lemma that connects the two views when B is finite:

KLy £ T isstaged infinite = T has an infinite branch
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lll-foundedness, coinductively

Alternatively, by dualising the notion of we get another coinductive
definition of ill-foundedness, which we call productive. In full:

T productive is short for productive from () € B*
T productive from u € B* holds when:
o uisinT

e and, recursively, there is b € B such that 1" is productive from u x b
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Relying on the notion of inductively barred and its dual,
we obtain the following dual pair of choice and bar induction principles

Bar induction (Blgr)

T barred — T’ inductively barred

. rod
Tree-Based Dependent Choice (DC%T )

T productive — T has an infinite branch
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Recovering standard principles
WKLy <= DCL” . up to classical (actually co-intuitionistic) reasoning
T <= DBlpoolT UP to Intuitionistic reasoning

serial prod
DChpy = DCBRD(bO)

where

() — T
u € R°(by) £ case u of | b — R(by, )
uw *bxb — R(b,V)

DCE%% 2 Vb3V R(b, V) — Ja (a(0) = by AVn R(a(n), a(n +1)))

(one of the most standard statements of dependent choice)
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Bar recursion
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Bar recursion

Bar recursion is a recursive program that “proves’ bar induction. Historically, it was
thought as a stand-alone program in some computational model. We present it here as a

typed proof term.

Bar recursion on arbitrary bars would require classical logic, but there are several con-

structive alternatives:

e Bar recursion on monotone bars
e Bar recursion on decidable bars

e Bar recursion on thin bars
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Reminder: inductively barred and observationally barred

We say that P : A* — Prop is observationally barred (or simply barred) when

V74 30 P(f,)

We say that P is inductively barred when it is inductively barred at () where:

P(u) Now Va (P inductively barred at (u* x)) | ater

P inductively barred at u P inductively barred at u
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Naive bar recursion

Let P be a predicate on A*.

Assume A non empty and ag a distinguished inhabitant. For u a sequence, we write U
for the extension of u into an infinite sequence:

4 = Mn.if n < |u] then u(n) else ag

Then, for b: P barred (i.e. b: V74 3n P(f,)), we recursively define a proof BRy(u)
of P inductively barred at u by:

match b(u) with
BRI“"“(u) £ | (n,a) = if n < |u| then Now(u) else Later(Az.BRI"(u % z:))

end

. except that we only know P(uy,), not P(u), so this is wrong.
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Bar recursion on monotone bars

Assume m : P monotone, where:

P monotone 2 Vu o/t (u <u' A Plu) = P(u'))
Then, we can define:

match b(u) with
BRiw"(u) = | (n,a) = if n < |u| then Now (m(u),, u, a)) else Later(Az.BRy ™" (u * x))

bm

end

Monotone bar recursion is then a proof of monotone bar induction Bl,,,, defined by

BR™" £ X\b. Am. BR]""({))

bm

Note: the termination relies on Bar Induction at the meta-level, taking “BR(u) terminates”
as bar.
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Bar recursion on decidable bars

Assume P decidable in the sense that there is f : A* — Bool such that:
d:Vu(f(u)=true <> P(u))

Then, we can define:

BRgﬁg(u) 2 if f(u) then Now(d(u)) else Later()\x.BRgfg(u*aﬁ))

Decidable bar recursion is then a proof of decidable bar induction Bl defined by
BR“ £ Ab. Af. Ad. BR{(())

which, again, is terminating by bar induction at the meta-level.
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Bar recursion on thin bars

Assume d : P thin where
P thin = Yu (P(u) — Yu' < u—=P(u))
Then, for H : Vn < |u| =P(dy,), we can define:

match b(u) with
if n < |u| then efq (H na) else
BRI (u, H) £ | (n,a) = if n = |u| then Now(a) else
Later(Az.BR!""™(u z, g(H, d, a)))
end
where g(H, d, a) extends H to u * x, using d.
Thin bar recursion is then a proof of thin bar induction Bly,;, defined by
BR™™ & \b. \d. BR!™™(())
which, again, is terminating by bar induction at the meta-level.

Literature says that Bl,,,n — Blgee and that Bl <> Blipin.
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Historical notes: on the relation between DNS and

Bar recursion was introduced by Spector 1962 to realise the “Dialectica” functional inter-
pretation of DNS but, counter-intuitively, its structure is the one of a program of

type
Conversely, what was called modified bar recursion has, counter-intuitively, a type of
the form of DNS (up to details).
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Maximality and well-foundedness principles
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Generalised update induction

Update Induction (GUl 4p7)

(if the upwards monotone closure of T' is <-inductive, it contains all partial functions from A to B)
Or, fully formally:

(Vo' F(V8 < a(G(B) € (T)°)) = (G(a) € (T)°)) = Ya(G(a) € (T)°)
where the upwards monotone closure of T is:

(T)° & \aPB7Prop 3By canueT)

the type of partial function is:
A—~B £ A— B, where B, is B lifted with an extra element |

the refinement of partial functions is:

B<a £ Jata(a) = LAB(a)# L) AVa(ala) # L — Bla) = ala))

the graph of a partial function is:
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Berger's update induction

Berger's update induction, 2004, is morally GUlypr.
It computes with a fixpoint:
UR : (V" P(VB < a(G(B) € (T)°)) = (G(a) € (T)°)) = Va(G(a) € (T)°)
2 \NH. ) o.(H o \B.MAH'.(URH §3))

That is: even if the approximation order is not well-founded in general, it is well-founded
over predicates which can observe only a finite part of a function, what being of the form

(T)° means.
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Computing with open induction: open recursion

See Berger 2004 or Powell 2014
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An alternative computational content for dependent choice on predicates
using quote (Krivine 2003)

Here is a rephrasing as a proof of Krivine's classical “quote™-based program for choice of

predicates. It relies on the assumption in the language for any P : N — Prop of a symbol
of function ¢p such that 3X P(X) — In P(¢p(n)).

ACx = Aa.(Ug, Axz.match y (a ) with (n,b) = catch, wf, (A0 Af.\V .throw,( ?%/({CUY) b'))n b end)
- VNIV R(2, V) — JUNTNTH N Rz, U(x))

where:
V(z,n) = Pz, dp(x,n))
Z(x,n) =VYm <nV(x,m)— V(z,n)
Up(z) =Vn(=Z(z,n) — ®p(z,n))
and

wf, : VYnZ(x,n) = V¥nV(x,n) issome fixpoint operator
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An alternative computational content for dependent choice on predicates
using quote (Krivine 2003), continued

We also need, for f:Vm < nV(x,m)and b: P(x,®p(x,n)), a proof to reason up to
propositional equivalence:

S A@p(en) > AU())
;{b) ¢ = M/ Ak.if n=n' then c else kAf' \.if n’ <n then fn'V else f'nb

b e 2 (0 (me), 1% (mac))

P05 e 2 . (1Y’ (c u”f" a)))

W A(Up(z) = A(@p(,n))
Yo Een ek fb

Uity e &2 (" (me), VY (mac))

Ve 2 xa (" (e (1 a)))
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Computing with the ultrafilter theorem and the wellordering of 2N

See a program (apparently) combining forcing and realisability in Krivine 2011.

7



Computing with the full axiom of choice

Godel's constructible sets model in ZF restricts the quantification on sets to sets definable
by a formula of ZF. Impredicativity is interpreted by well-founded induction.

See also an approach by Krivine 2021.
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Continuity and bar induction

After Bauer, Escardé and others, Baillon, Forster, Mahboubi and Pédrot investigated the
close connections between bar induction and continuity.
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Partial summary of realisers for choice, bar induction, maximality,
well-foundedness axioms

Axiom Logic
ACH type theory | Martin-Lof
ACned ZF Godel's constructible sets (abstract)
and probably many other models

ACned ZF Krivine 2021 (complex)
AC"éd VA Krivine 2003 classical minimisation through quote
DC./ZL, | ZF Fontanella-Geoffroy 2020 classical minimisation through quote
BPI/UF | PAs Krivine 2010 forcing
WO, P A, Krivine 2010 forcing

HA Spector 1962, ... bar recursion, II-monad distributivity
Ol HA Mahboubi, Berger 2004 open recursion
Ul HA Berger 2004 well-founded fixpoint

Not addressed here: Hilbert's €, Church's ¢, constructive € as dual of DNS™P¢ .
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Inference rules for 3 in first-order logic

Intrinsic style:

PrpPle<t] 3 Tr 3P T,a:APHR 3,
Dby 324 P '+ R

With proof terms:

['Frp: Plo +t] 3, Pbyp:322P Tx:Aa:PlFrqg: R =P
'y (t,p): 324 P [' F; match p with (z,a) = gend: R

In particular, no extraction of the witness is made possible.
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Inference rules for Y -types (aka strong 3)

Fl_]pp[ﬂf%t] >,
Chr(tp): Lot P

Chrp: Yot P )3 Chrp: Szt P »2
['bymp: A ['Frmop: Plx < m,p

Note: In an intuitionistic setting with n-rules, it does not matter whether X-types are
defined positively (as in Coq, from dependent elimination) or negatively (from projections).
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Existential quantifier from Y-types by propositional truncation

In type theory, propositional truncation restricts back elimination to elimination in propo-
sitions:

Truncation is a type:

P = ... |||P]
It adds proofs:
p o= ...||p||let]al :=pingq
corresponding to the following inference rules:
'Fp:P 'Ep:||P] [a:PFq:Q(al)
CEpl-{lPl] I let |a| == ping:Q(p)

Weak existential quantification can be recovered from strong existential and truncation:

o' P(x) & ||z’ P(2)]

Remark: In the presence of classical logic, ||Sa! P(x)]| is equivalent to ==X’ P(x) (see
HoTT Book).
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