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The weak algebraic λ-calculus
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Motivation

The differential (Ehrhard et Regnier, 2003) and algebraic
(Vaux, 2009) λ-calculus

M[N/x ] : Replaces each occurrence of x by N.

∂M
∂x · N : Replaces one occurrence of x by N.

Definition (Raw terms of the algebraic λ-calculus)

M,N, ... ::= x | λx .M | MN | aM | M + N | 0
a ∈ R

Up to some equations: M + N = N +M, 0M = 0,
(M + N)P = MP + NP ,...
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The algebraic λ-calculus lacks operational properties

Definition (Algebraic λ-calculus’ reduction)

(λx .s)T _̃ s[T/x ] ... if s _̃ S ′, a ̸= 0, then as + T _̃ aS ′ + T

Remark

3(λx .x)z = (λx .x)z + 2(λx.x)z _̃ (λx .x)z + 2z

Arbitrary fixed-point combinator, arbitrary finite sums:
∞M

def
= (λx .M + xx)(λx .M + xx) _̃∗M +∞M ...

But if (−1) ∈ R : 0 = 0∞M =∞M + (−1)∞M _̃∗M!
⇝ If (−1) ∈ R, for any terms M,N,M _̃∗N.

▶ Remove 0M = 0.

Zacharie Moughanim, Lionel Vaux Auclair The weak algebraic λ-calculus 3 / 16



Introduction and Motivation
State of the Art

The weak algebraic λ-calculus
Taylor expansion

Conclusion

Motivation

The algebraic λ-calculus lacks operational properties

Definition (Algebraic λ-calculus’ reduction)

(λx .s)T _̃ s[T/x ] ... if s _̃ S ′, a ̸= 0, then as + T _̃ aS ′ + T

Remark

3(λx .x)z = (λx .x)z + 2(λx.x)z _̃ (λx .x)z + 2z

Arbitrary fixed-point combinator, arbitrary finite sums:
∞M

def
= (λx .M + xx)(λx .M + xx) _̃∗M +∞M ...

But if (−1) ∈ R : 0 = 0∞M =∞M + (−1)∞M _̃∗M!
⇝ If (−1) ∈ R, for any terms M,N,M _̃∗N.

▶ Remove 0M = 0.

Zacharie Moughanim, Lionel Vaux Auclair The weak algebraic λ-calculus 3 / 16



Introduction and Motivation
State of the Art

The weak algebraic λ-calculus
Taylor expansion

Conclusion

Motivation

The algebraic λ-calculus lacks operational properties

Definition (Algebraic λ-calculus’ reduction)

(λx .s)T _̃ s[T/x ] ... if s _̃ S ′, a ̸= 0, then as + T _̃ aS ′ + T

Remark

3(λx .x)z = (λx .x)z + 2(λx.x)z _̃ (λx .x)z + 2z

Arbitrary fixed-point combinator, arbitrary finite sums:
∞M

def
= (λx .M + xx)(λx .M + xx) _̃∗M +∞M ...

But if (−1) ∈ R : 0 = 0∞M =∞M + (−1)∞M _̃∗M!
⇝ If (−1) ∈ R, for any terms M,N,M _̃∗N.

▶ Remove 0M = 0.

Zacharie Moughanim, Lionel Vaux Auclair The weak algebraic λ-calculus 3 / 16



Introduction and Motivation
State of the Art

The weak algebraic λ-calculus
Taylor expansion

Conclusion

Motivation

The algebraic λ-calculus lacks operational properties

Definition (Algebraic λ-calculus’ reduction)

(λx .s)T _̃ s[T/x ] ... if s _̃ S ′, a ̸= 0, then as + T _̃ aS ′ + T

Remark

3(λx .x)z = (λx .x)z + 2(λx.x)z _̃ (λx .x)z + 2z

Arbitrary fixed-point combinator, arbitrary finite sums:
∞M

def
= (λx .M + xx)(λx .M + xx) _̃∗M +∞M ...

But if (−1) ∈ R : 0 = 0∞M =∞M + (−1)∞M _̃∗M!

⇝ If (−1) ∈ R, for any terms M,N,M _̃∗N.

▶ Remove 0M = 0.

Zacharie Moughanim, Lionel Vaux Auclair The weak algebraic λ-calculus 3 / 16



Introduction and Motivation
State of the Art

The weak algebraic λ-calculus
Taylor expansion

Conclusion

Motivation

The algebraic λ-calculus lacks operational properties

Definition (Algebraic λ-calculus’ reduction)

(λx .s)T _̃ s[T/x ] ... if s _̃ S ′, a ̸= 0, then as + T _̃ aS ′ + T

Remark

3(λx .x)z = (λx .x)z + 2(λx.x)z _̃ (λx .x)z + 2z

Arbitrary fixed-point combinator, arbitrary finite sums:
∞M

def
= (λx .M + xx)(λx .M + xx) _̃∗M +∞M ...

But if (−1) ∈ R : 0 = 0∞M =∞M + (−1)∞M _̃∗M!
⇝ If (−1) ∈ R, for any terms M,N,M _̃∗N.

▶ Remove 0M = 0.

Zacharie Moughanim, Lionel Vaux Auclair The weak algebraic λ-calculus 3 / 16



Introduction and Motivation
State of the Art

The weak algebraic λ-calculus
Taylor expansion

Conclusion

Motivation

The algebraic λ-calculus lacks operational properties

Definition (Algebraic λ-calculus’ reduction)

(λx .s)T _̃ s[T/x ] ... if s _̃ S ′, a ̸= 0, then as + T _̃ aS ′ + T

Remark

3(λx .x)z = (λx .x)z + 2(λx.x)z _̃ (λx .x)z + 2z

Arbitrary fixed-point combinator, arbitrary finite sums:
∞M

def
= (λx .M + xx)(λx .M + xx) _̃∗M +∞M ...

But if (−1) ∈ R : 0 = 0∞M =∞M + (−1)∞M _̃∗M!
⇝ If (−1) ∈ R, for any terms M,N,M _̃∗N.

▶ Remove 0M = 0.
Zacharie Moughanim, Lionel Vaux Auclair The weak algebraic λ-calculus 3 / 16



Introduction and Motivation
State of the Art

The weak algebraic λ-calculus
Taylor expansion

Conclusion

Defining values
Computing values

In the algebraic λ-calculus

Definition (Pre-normal terms)

Syntactically,
∑

ai si , ai ̸= 0 where si of the form:

λx1, ..., xn.yN1...Nk

where Ni are pre-normal terms.

How to compute such a term ?
▶ Freeze the scalars’ operations :
N[{Xa | a ∈ R}] : 3× 2 + 6 = 12⇝ X3X2 + X6 ̸= X12
If the "freezed" M is normalizable, this pre-normal form is unique
(Alberti, 2014).
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Defining values
Computing values

When R has negative elements

A weak standardization theorem (Alberti, 2014).

Pre-normal forms obtained under N[{Xa | a ∈ R}] ⇎ Normal forms
under a general reduction.

Theorem (Confluence)

If M _̃∗N1 and M _̃∗N2, then there is P such that N1 _̃∗ P and
N2 _̃∗ P .

Theorem (Conservativity (Kerinec et Vaux Auclair, 2023 )

If R has no negative elements, for any M,N pure λ-terms,
M →∗

Λ N iff M _̃∗N.
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Reduction on weak algebraic λ-calculus
Normalization property as type

Weak algebraic reduction

Definition (Weak algebraic λ-calculus’ reduction)

(λx .s)T
@→ s[T/x ] ... if s @→S ′, then as + T

@→ aS ′ + T

Theorem (Confluence)

Let M,N1,N2 be weak algebraic λ-terms. If M @→
∗
N1 and

M
@→

∗
N2, then there is P such that N1

@→
∗
P and N2

@→
∗
P .

Theorem (Conservativity)

For any rig R and M,N pure λ-terms, M →∗
Λ N iff M

@→
∗
N.
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Reduction on weak algebraic λ-calculus
Normalization property as type

Normalization

Definition (Must-normalization)

A term
∑

ai si is must-normal if each si is normal.

Definition (May-normalization)

A term
∑

ai si is may-normal if there is a i such that si is normal.

▶ λx .xx

Figure: A non-typeable normal term

How about x : (α→ β) ∩ α ?
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Reduction on weak algebraic λ-calculus
Normalization property as type

Type system DΩ+

Definition (Types of system DΩ+)

α, β, ... ::= o | α→ β | α ∩ β | Ω

Γ, x : α ⊢ M : β
(λ)

Γ ⊢ λx .M : α→ β

Γ ⊢ M : α Γ ⊢ N : α
(+)

Γ ⊢ M + N : α

Γ ⊢ M : α
(Scal)

Γ ⊢ aM : α

Γ ⊢ M : α Γ ⊢ M : β
(∩)

Γ ⊢ M : α ∩ β
(Ω)

Γ ⊢ M : Ω

...

Figure: System DΩ+ for the weak algebraic λ-calculus (Pagani, Tasson,
Vaux, 2016)
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Reduction on weak algebraic λ-calculus
Normalization property as type

Must-normalizability characterization

Theorem
If M is must-normalizable, then M is typable in system DΩ+ (̸= Ω).

Example

((λx .x)z)(λy .y)z ̸ →̂lm ((λx .x)z)z
(λx .(λy .y)x)z ̸ →̂lm (λx .x)z

Theorem
M is must-normalizable iff M is strongly normalizing for →̂lm.
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Reduction on weak algebraic λ-calculus
Normalization property as type

Non-idempotent intersection types

Example{
x :γ→α→β∩γ→α
y :γ

}
⊢ (xy)xy : β{

x :γ→α→β∩γ→α
y :γ∩γ

}
⊢ (xy)xy : β

Definition (Types of system W+)

α, β, ... ::= o | α→ β α, β, ... ::= [α1, ..., αn]

Where [α1, ..., αn] is a multiset ⇝ α1 ∩ ... ∩ αn.

[α1, ..., αn] + [β1, ..., βk ] = [α1, ..., αn, β1, ..., βk ]
(Γ1 + Γ2)(x) = Γ1(x) + Γ2(x) [α, α] ̸= [α] !
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Reduction on weak algebraic λ-calculus
Normalization property as type

May-normalizability characterization

(v)
x : [α] ⊢ x : α

Γ1 ⊢ M : α→ β Γ2 ⊢! N : α
(@)

Γ1 + Γ2 ⊢ MN : β

Γ ⊢ M : α
(+)

Γ ⊢ M + N : α

Γ1 ⊢ M : α1 ... Γn ⊢ M : αn
(!)

Γ1 + ...+ Γn ⊢! M : [α1, ..., αn]
...

Figure: System W+ for the weak algebraic λ-calculus

Lemma

If Π is a derivation of Γ ⊢ s : α and s
@→T , then there is Π′ a

derivation of Γ ⊢ T : α such that |Π| > |Π’|.

Theorem
A term M is may-normalizable iff M is typable in system W+.
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The resource λ-calculus
Differential : Linear application (DiM · N) in addition to MN.
Resource : ⟨σ⟩ ρ only.

Definition (Resource terms)

∆ ∋ σ, ρ, ... ::= x | λx .σ | ⟨σ⟩ ρ !∆ ∋ σ, ρ, ... ::= [σ1, ..., σn]

⟨λx .σ⟩ [ρ1, ..., ρn]→r

(
∂nσ

∂xn
· [ρ1, ..., ρn]

)
[0/x ]

〈∑
σi

〉∑
ρj =

∑∑
⟨σi ⟩ ρj

...,∑
ij

ρjij , ...

 =
∑
i1,...,in

[ρ1
i1 , ..., ρ

n
in ]

Example

⟨λx .⟨x⟩ [x ]⟩ [y , z ]→r ⟨y⟩ [z ] + ⟨z⟩ [y ]
⟨λx .x⟩ []→r 0 ⟨λx .x⟩ [y , z ]→r 0

Zacharie Moughanim, Lionel Vaux Auclair The weak algebraic λ-calculus 12 / 16



Introduction and Motivation
State of the Art

The weak algebraic λ-calculus
Taylor expansion

Conclusion

The resource λ-calculus
Differential : Linear application (DiM · N) in addition to MN.
Resource : ⟨σ⟩ ρ only.

Definition (Resource terms)

∆ ∋ σ, ρ, ... ::= x | λx .σ | ⟨σ⟩ ρ !∆ ∋ σ, ρ, ... ::= [σ1, ..., σn]

⟨λx .σ⟩ [ρ1, ..., ρn]→r

(
∂nσ

∂xn
· [ρ1, ..., ρn]

)
[0/x ]

〈∑
σi

〉∑
ρj =

∑∑
⟨σi ⟩ ρj

...,∑
ij

ρjij , ...

 =
∑
i1,...,in

[ρ1
i1 , ..., ρ

n
in ]

Example
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Taylor expansion...

Analytically:

f (x) =
+∞∑
n=0

f (n)(0)
n!

xn

Syntactically, in the λ-calculus:

τ(MN) =
+∞∑
n=0

1
n!
⟨τ(M)⟩ τ(N)n

In the ordinary and algebraic λ-calculus:

Definition (Resource vectors)

u ∈ R∆ : to each resource terms σ, we associate a coefficient uσ.
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... in the weak version

Definition (Resource vectors)

(R ⊔ {⊥})∆ : there may be uσ = ⊥ ⇒ not in the support.

Theorem
For any M,N ∈ ΛR:
If M⇒N, then τ(M)⇒B τ(N);
If M is normalizable, τ(NF(M)) = NF(τ(M)).
For any M,N ∈ Λ, τ(M) ≃τ τ(N) iff M ≃R N.

Example
τ is not injective:

τ(xx) = τ(xx + 0x(0x))
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Results

The weak algebraic λ-calculus : a new formalism for sums of
λ-terms:
▷ Its reduction is confluent;
▶ reduction ← bisimulates → reduction of the pure λ-calculus;
▶ Two notions of normalizability ⇔ typeability;
▶ For must-normalizability: – almost – a normalization strategy;
▷ Reduction — simulated → Taylor expansion, normal forms and

Taylor expansion commutes, not injective.
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Taylor expansion

Conclusion

Future works

▶ Injectivity in the algebraic λ-calculus ⇒ conservativity;
▶ Normalization scheme for the algebraic λ-calculus from the

weak version;
▶ NF(τ(M))

?
= τ(BT(M)).
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Strongly normalizing terms in the weak algebraic λ-calculus

Example

In the algebraic λ-calculus, with R = Q+, if M _̃N:

M =
1
2
M +

1
2
M _̃

1
2
M +

1
2
N =

1
4
M +

1
4
M +

1
2
N _̃ ...

Example
In the weak version, worse:

M = M + 0M @→
↶

M + 0N
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Algebraic equality

r ⊆ LR × LR is contextual if it is reflexive and, if M r N and P r Q:

aM r aN M + P r N + Q 0 r 0 λx .M r λx .N MP r NQ .

Definition (Algebraic equality)

0 +M
△
= M a0 △= 0

M + N
△
= N +M λx .0 △= 0

(M + N) + P
△
= M + (N + P) λx .aM

△
= aλx .M

a(M + N)
△
= aM + aN λx .(M + N)

△
= λx .M + λx .N

aM + bM
△
= (a+ b)M 0M △

= 0

a(bM)
△
= (ab)M (aM)N

△
= a(MN)

1M △
= M (M + N)L

△
= ML+ NL .
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Weak algebraic λ-terms

Definition (Base and canonical terms)

BR ∋ s, t, ... ::= x | λx .s | sT CR ∋ S ,T , ... ::=
n∑

i=1

ai si

si pairwise distinct, ai ∈ R.

Definition (Canonization)

If can(M) =
∑n

i=1 ai si and can(N) =
∑n+p

i=n+1 ai si = T :

can(x) = 1x can(λx .M) =
n∑

i=1

aiλx .si can(MN) =
n∑

i=1

ai (siT )

can(M + N) = cansum

(
n+p∑
i=1

ai si

)
can(aM) =

n∑
i=1

(aai )si

can(0) = 0
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System DΩ+

(v)
Γ, x : α ⊢ x : α

Γ, x : α ⊢ M : β
(λ)

Γ ⊢ λx .M : α→ β

Γ ⊢ M : α→ β Γ ⊢ N : α
(@)

Γ ⊢ MN : β

Γ ⊢ M : α Γ ⊢ N : α
(+)

Γ ⊢ M + N : α

Γ ⊢ M : α
(Scal)

Γ ⊢ aM : α

Γ ⊢ M : α Γ ⊢ M : β
(∩)

Γ ⊢ M : α ∩ β

(Ω)
Γ ⊢ M : Ω

Γ ⊢ M : α α ≼ α′
(sub)

Γ ⊢ M : α′
(z)

Γ ⊢ 0 : α

(a) Typing rules

α ≼ α α1 ∩ α2 ≼ αi

α′ ≼ α β ≼ β′

α→ β ≼ α′ → β′ (α→ β) ∩ (α→ γ) ≼ α→ (β ∩ γ)

(b) Subtyping rules

Figure: The intersection type system DΩ+ for the weak algebraic
λ-calculus [?]
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