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Recent outbreak of  
Reasoning models



### PROBLEM 5 SUBMISSION ### 
... 

### 1. Some elementary facts. 

A function on [0, sqrt2]: 
f(t):= t + sqrt(2 - t^2), domain t\in[0, \sqrt2]. 
Identity: (f(t))^2 = t^2 + 2 - t^2 + 2 t sqrt(2 - 
t^2) = 2 + 2 t sqrt(...) \ge 2 (t>=0). So f(t) \ge 
sqrt2. So: 
(**) For 0<=t<=sqrt2: t + sqrt(2 - t^2) \ge sqrt2. 
Equality at t=0, t=sqrt2. 

So any pair (a,b) with a^2 + b^2=2 and a,b nonneg 
has sum>= sqrt2. 

... 
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Why Tacq?



« … by searching over possible proof steps in 
Lean …»


→ More details one year later 

Motivations:

• Opaque models: what is 
important to them?



/-
A line in the plane is called sunny if it is not parallel to any of the $x$-axis, the $y$-axis, and the line $x+y=0$.
Let $n \geqslant 3$ be a given integer. Determine all nonnegative integers $k$ such that there exist $n$ distinct lines in the plane satisfying both of the following:
- for all positive integers $a$ and $b$ with $a+b \leqslant n+1$, the point $(a, b)$ is on at least one of the lines; and
- exactly $k$ of the $n$ lines are sunny.

Answer: 0, 1, 3
-/

import HarmonicLean.Imports

open scoped BigOperators
open scoped Real
open scoped Nat
open scoped Classical
open scoped Pointwise

set_option maxHeartbeats 0
set_option maxRecDepth 4000
set_option synthInstance.maxHeartbeats 20000
set_option synthInstance.maxSize 128

set_option pp.fullNames true
set_option pp.structureInstances true

set_option relaxedAutoImplicit false
set_option autoImplicit false

set_option pp.coercions.types true
set_option pp.funBinderTypes true
set_option pp.letVarTypes true
set_option pp.piBinderTypes true

set_option linter.all false

noncomputable section

namespace IMO2025P1

/-
A line in the plane is called sunny if it is not parallel to the $x$-axis, the $y$-axis, or the line $x+y=0$. A line is non-sunny otherwise.
--/
def Sunny (l : Set (ℝ × ℝ)) : Prop :=
  ∃ a b c, l = { v | a * v.1 + b * v.2 + c = 0 } ∧ a ≠ 0 ∧ b ≠ 0 ∧ a ≠ b

def NonSunny (l : Set (ℝ × ℝ)) : Prop :=
  (∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ l = { v | a * v.1 + b * v.2 + c = 0 }) ∧ ¬ Sunny l

/-
For a positive integer $n$, define the set of points $S_n = \{(a,b) \in \mathbb{Z}^+ \times \mathbb{Z}^+ : a+b \leq n+1\}$.
--/
def s (n : ℕ) : Set (ℝ × ℝ) :=
  { v | ∃ a b : ℕ, 0 < a ∧ 0 < b ∧ a + b ≤ n + 1 ∧ v = ((a : ℝ), (b : ℝ)) }

/-
A line is non-sunny if and only if its equation can be written in the form $x=c$, $y=c$, or $x+y=c$ for some constant $c$.
-
-/
lemma lem_non_sunny_form (l : Set (ℝ × ℝ))
  (h_is_line : ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ l = { v | a * v.1 + b * v.2 + c = 0 }) :
  NonSunny l ↔ (∃ c : ℝ, l = { v | v.1 = c }) ∨
                 (∃ c : ℝ, l = { v | v.2 = c }) ∨
                 (∃ c : ℝ, l = { v | v.1 + v.2 = c }) := by
                   bound;
                   · have := a;
                     -- By definition of non-sunny, if a line is non-sunny, then it is not sunny, which means it is parallel to one of the axes or the line x+y=0.
                     have h_parallel : ¬Sunny {v : ℝ × ℝ | w * v.1 + w_1 * v.2 + w_2 = 0} → (w = 0 ∨ w_1 = 0 ∨ w = w_1) := by
                       -- By definition of sunny, if a line is not sunny, then it must be parallel to one of the axes or the line x+y=0.
                       intro h_not_sunny
                       by_contra h_contra;
                       exact h_not_sunny ⟨ w, w_1, w_2, rfl, by tauto ⟩;
                     rcases h_parallel this.2 with ( rfl | rfl | rfl );
                     · exact Or.inr <| Or.inl ⟨ -w_2 / w_1, by ext; simp ( config := { decide := Bool.true } ) [ field_simps, show w_1 ≠ 0 by aesop ] ; constructor <;> intros <;> linarith ⟩;
                     · exact Or.inl ⟨ -w_2 / w, by ext; simp ( config := { decide := Bool.true } ) [ field_simps, show w ≠ 0 by aesop ] ; constructor <;> intros <;> linarith ⟩;
                     · exact Or.inr <| Or.inr <| ⟨ -w_2 / w, by ext; simp ( config := { decide := Bool.true } ) [ field_simps, show w ≠ 0 by aesop ] ; constructor <;> intros <;> linarith ⟩;
                   · -- If the line is of the form $x = c$, then it is parallel to the $y$-axis and thus not sunny.
                     have h_not_sunny : ¬Sunny {v : ℝ × ℝ | v.1 = w_3} := by
                       rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
                       norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
                       exact h₃ ( by linarith [ h₁.1 w_3 0 rfl, h₁.1 w_3 1 rfl ] );
                     -- Since the line $x = w_3$ is not sunny, we can conclude that it is non-sunny.
                     apply And.intro;
                     · exact ⟨ w, w_1, w_2, left, rfl ⟩;
                     · -- Since the line $x = w_3$ is not sunny, we can conclude that it is non-sunny by definition.
                       rw [h]
                       exact h_not_sunny;
                   · constructor;
                     · exact ⟨ w, w_1, w_2, left, rfl ⟩;
                     · rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
                       -- Since the line is of the form $y = c$, it is parallel to the $x$-axis and thus not sunny.
                       have h_parallel_x : ∀ v : ℝ × ℝ, v ∈ {v | w * v.1 + w_1 * v.2 + w_2 = 0} ↔ v.2 = w_3 := by
                         exact?;
                       norm_num [ h₁ ] at h_parallel_x;
                       have := h_parallel_x 0 w_3; have := h_parallel_x 1 w_3; norm_num at * ; cases lt_or_gt_of_ne h₂ <;> cases lt_or_gt_of_ne h₃ <;> nlinarith;
                   · constructor;
                     · exact ⟨ w, w_1, w_2, left, rfl ⟩;
                     · rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
                       norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at *;
                       exact h₄ ( by linarith [ h₁.1 _ _ ( h.2 ( w_3 - 1 ) 1 ( by ring ) ), h₁.1 _ _ ( h.2 w_3 0 ( by ring ) ) ] )

/-
For $n \ge 3$, let $\mathcal{L}_0 = \{x=i : i \in \{1, 2, \dots, n\}\}$. The set $\mathcal{L}_0$ consists of $n$ distinct non-sunny lines.
-
-/
lemma lem_k0_construction (n : ℕ) (hn : n ≥ 3) :
  let L0 := Finset.image (fun i : ℕ => {v : ℝ × ℝ | v.1 = (i : ℝ)}) (Finset.Icc 1 n);
  L0.card = n ∧ ∀ l ∈ L0, NonSunny l := by
    aesop;
    · rw [ Finset.card_image_of_injective _ fun x y hxy => by simpa using Set.ext_iff.mp hxy ( x, 0 ) ] ; aesop;
    · constructor;
      · exact ⟨ 1, 0, -x, by norm_num, by ext; aesop ; linarith ⟩;
      · -- The line $x = x$ is parallel to the y-axis, so it is not sunny by definition.
        unfold Sunny
        simp;
        intro a b c h₁ h₂ h₃; rw [ Set.ext_iff ] at h₁; have h₄ := h₁ ( x, 0 ) ; have h₅ := h₁ ( x, 1 ) ; norm_num at h₄ h₅ ; cases lt_or_gt_of_ne h₂ <;> cases lt_or_gt_of_ne h₃ <;> nlinarith;

/-
For any integer $n \ge 3$, $k=0$ is a possible value.
-
-/
lemma lem_k0_possible (n : ℕ) (hn : n ≥ 3) :
  ∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = n ∧
    (∀ p ∈ s n, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = 0 := by
      -- Apply the lemma to obtain the set of lines.
      obtain ⟨lines, hlines⟩ := lem_k0_construction n hn;
      use Finset.image ( fun i : ℕ => { v : ℝ × ℝ | v.1 = ( i : ℝ ) } ) ( Finset.Icc 1 n );
      aesop;
      · exact ⟨ 1, 0, by norm_num, -x, by ext; aesop ; linarith ⟩;
      · cases a_1 ; aesop;
        linarith;
      · -- Since all lines in the image are non-sunny, the filter of sunny lines is empty.
        ext l
        simp [hlines];
        exact fun x hx₁ hx₂ hx₃ => fun h => hlines l x hx₁ hx₂ hx₃ |>.2 h

/-
For $n \ge 3$, let $\mathcal{L}_1 = \{y=x\} \cup \{x+y=j : j \in \{3, 4, \dots, n+1\}\}$. The set $\mathcal{L}_1$ consists of $n$ distinct lines, of which exactly one is sunny.
-
-/
lemma lem_k1_construction (n : ℕ) (hn : n ≥ 3) :
  let L1 := insert {v : ℝ × ℝ | v.2 = v.1}
    (Finset.image (fun j : ℕ => {v : ℝ × ℝ | v.1 + v.2 = (j : ℝ)}) (Finset.Icc 3 (n+1)));
  L1.card = n ∧ (L1.filter Sunny).card = 1 := by
    field_simp;
    rw [ Finset.card_insert_of_not_mem, Finset.filter_insert ];
    · rw [ Finset.card_image_of_injective ];
      · rw [ Finset.filter_eq_empty_iff.mpr ] <;> aesop;
        · -- Since $n \geq 3$, we have $n - 1 + 1 = n$.
          rw [Nat.sub_add_cancel (by linarith)];
        · -- The line $y = x$ is sunny because it is not parallel to the $x$-axis, $y$-axis, or the line $x + y = 0$.
          have h_sunny : Sunny {v : ℝ × ℝ | v.2 = v.1} := by
            use 1, -1, 0;
            exact ⟨ by ext; aesop ; linarith, by norm_num, by norm_num, by norm_num ⟩;
          contradiction;
        · obtain ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩ := a;
          norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
          exact h₄ ( by linarith [ h₁.1 ( w - 1 ) 1 ( by ring ), h₁.1 w 0 ( by ring ) ] );
      · exact fun a b h => by simpa using Set.ext_iff.mp h ( 0, ↑a ) ;
    · -- The line $y = x$ is not of the form $x + y = j$ for any $j$, so it cannot be in the image of the function.
      simp [Set.ext_iff];
      exact fun x hx₁ hx₂ => ⟨ 0, x, by norm_num; linarith [ ( by norm_cast : ( 3 : ℝ ) ≤ x ) ] ⟩

/-
For any integer $n \ge 3$, $k=1$ is a possible value.
-
-/
lemma lem_k1_possible (n : ℕ) (hn : n ≥ 3) :
  ∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = n ∧
    (∀ p ∈ s n, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = 1 := by
      -- Let's construct the set of lines L1 as described.
      set L1 : Finset (Set (ℝ × ℝ)) := insert {v : ℝ × ℝ | v.2 = v.1} (Finset.image (fun j : ℕ => {v : ℝ × ℝ | v.1 + v.2 = (j : ℝ)}) (Finset.Icc 3 (n + 1)));
      refine' ⟨ L1, _, _, _, _ ⟩;
      · aesop;
        · exact ⟨ -1, 1, by norm_num, 0, by ext; aesop ; linarith ⟩;
        · exact ⟨ 1, 1, by norm_num, -w, by ext; aesop ; linarith ⟩;
      · rw [ Finset.card_insert_of_not_mem ] <;> norm_num;
        · -- The function j ↦ {v | v.1 + v.2 = j} is injective, so the cardinality of the image is the same as the cardinality of the domain.
          have h_inj : Function.Injective (fun j : ℕ => {v : ℝ × ℝ | v.1 + v.2 = (j : ℝ)}) := by
            exact fun a b h => by simpa using Set.ext_iff.mp h ( 0, ↑a ) ;
          rw [ Finset.card_image_of_injective _ h_inj ] ; norm_num;
          omega;
        · intro x hx₁ hx₂; rw [ Set.ext_iff ] ; push_neg; use ( 0, x ) ; aesop;
      · -- For any point $p \in s n$, if $p.1 = p.2$, then $p$ lies on the line $y = x$. Otherwise, since $p.1 + p.2 \leq n + 1$, there exists $j \in \{3, 4, \ldots, n + 1\}$ such that $p.1 + p.2 = j$, so $p$ lies on the line $x + y = j$.
        intro p hp
        by_cases h_eq : p.1 = p.2;
        · aesop;
        · cases hp ; aesop;
          exact Or.inr ⟨ w + w_1, ⟨ by omega, by omega ⟩, by norm_cast ⟩;
      · have := lem_k1_construction n hn;
        exact this.2

/-
For $n=3$, there exists a set of 3 distinct lines covering $S_3$ with $k=3$ sunny lines.
-
-/
lemma lem_n3_k3_exists :
  ∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = 3 ∧
    (∀ p ∈ s 3, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = 3 := by
      -- Let's choose the lines $L_1: y=x$, $L_2: y=-2x+5$, and $L_3: y=-x/2+5/2$.
      use { {v : ℝ × ℝ | v.2 = v.1}, {v : ℝ × ℝ | v.2 = -2 * v.1 + 5}, {v : ℝ × ℝ | v.2 = -v.1 / 2 + 5 / 2} };
      refine' ⟨ _, _, _, _ ⟩;
      · norm_num;
        -- For each line, we can find coefficients $a$, $b$, and $c$ such that the line equation holds and $a$ and $b$ are not both zero.
        exact ⟨⟨-1, 1, by norm_num, 0, by ext; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> linarith⟩, ⟨2, 1, by norm_num, -5, by ext; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> linarith⟩, ⟨1, 2, by norm_num, -5, by ext; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> linarith⟩⟩;
      · rw [ Finset.card_insert_of_not_mem, Finset.card_insert_of_not_mem, Finset.card_singleton ] <;> norm_num [ Set.ext_iff ];
        · -- Let's choose any $x \neq \frac{5}{3}$.
          use 0; norm_num;
        · exact ⟨ ⟨ 0, by norm_num ⟩, ⟨ 0, by norm_num ⟩ ⟩;
      · unfold s; aesop;
        rcases w with ( _ | _ | _ | _ | w ) <;> rcases w_1 with ( _ | _ | _ | _ | w_1 ) <;> norm_num at * <;> linarith;
      · -- Since all three lines are sunny, the filter of sunny lines in the set should include all three elements. Therefore, the cardinality of the filter is 3.
        have h_sunny : ∀ l ∈ ({ {v : ℝ × ℝ | v.2 = v.1}, {v : ℝ × ℝ | v.2 = -2 * v.1 + 5}, {v : ℝ × ℝ | v.2 = -v.1 / 2 + 5 / 2} } : Finset (Set (ℝ × ℝ))), Sunny l := by
          aesop;
          · use 1, -1, 0;
            -- To prove the equality of sets, we show each set is a subset of the other.
            simp [Set.ext_iff];
            exact ⟨ fun a b => ⟨ fun h => by linarith, fun h => by linarith ⟩, by norm_num ⟩;
          · use 2, 1, -5;
            exact ⟨ Set.ext fun x => by aesop ; linarith, by norm_num, by norm_num, by norm_num ⟩;
          · exact ⟨ 1 / 2, 1, -5 / 2, by ext; norm_num; constructor <;> intros <;> linarith, by norm_num, by norm_num, by norm_num ⟩;
        rw [ Finset.filter_true_of_mem h_sunny ];
        rw [ Finset.card_insert_of_not_mem, Finset.card_insert_of_not_mem, Finset.card_singleton ] <;> norm_num [ Set.ext_iff ];
        · exact ⟨ 0, by norm_num ⟩;
        · exact ⟨ ⟨ 0, by norm_num ⟩, ⟨ 0, by norm_num ⟩ ⟩

/-
Let $\mathcal{L}_m$ be a set of $m$ lines covering $S_m$. Let $\mathcal{L}_{m+1} = \mathcal{L}_m \cup \{x+y=m+2\}$. Then $\mathcal{L}_{m+1}$ covers $S_{m+1}$.
-
-/
lemma lem_induction_step_coverage (m : ℕ)
  (Lm : Finset (Set (ℝ × ℝ)))
  (h_cover : ∀ p ∈ s m, ∃ l ∈ Lm, p ∈ l) :
  let L_new := {v : ℝ × ℝ | v.1 + v.2 = (m : ℝ) + 2};
  let Lm1 := Lm ∪ {L_new};
  ∀ p ∈ s (m+1), ∃ l ∈ Lm1, p ∈ l := by
    aesop;
    cases a ; aesop;
    by_cases h : w + w_1 ≤ m + 1;
    · exact Exists.elim ( h_cover w w_1 ⟨ w, w_1, left, left_1, by linarith, rfl ⟩ ) fun l hl => ⟨ l, Or.inl hl.1, hl.2 ⟩;
    · -- Since $w + w_1 = m + 2$, the point $(w, w_1)$ lies on the line $x + y = m + 2$.
      use L_new
      aesop;
      norm_cast; linarith

/-
If for some integer $m \ge 3$ there exists a set of $m$ lines covering $S_m$ with $k$ sunny lines, then there exists a set of $m+1$ lines covering $S_{m+1}$ with the same number $k$ of sunny lines.
-
-/
lemma lem_induction_step (m k : ℕ) (hm : m ≥ 3)
  (h_exists : ∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = m ∧
    (∀ p ∈ s m, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = k) :
  ∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = m + 1 ∧
    (∀ p ∈ s (m+1), ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = k := by
      obtain ⟨ lines, hlines1, hlines2, hlines3, hlines4 ⟩ := h_exists;
      -- Apply the induction step to construct the set of m+1 lines.
      have h_induction_step : ∀ p ∈ s (m + 1), ∃ l ∈ lines ∪ { {v : ℝ × ℝ | v.1 + v.2 = (m : ℝ) + 2} }, p ∈ l := by
        apply lem_induction_step_coverage;
        assumption;
      by_cases h : {v : ℝ × ℝ | v.1 + v.2 = (m : ℝ) + 2} ∈ lines;
      · -- If the new line is already in the set of lines, then we can add a dummy line that does not affect the coverage of points.
        obtain ⟨dummy_line, hdummy_line⟩ : ∃ dummy_line : Set (ℝ × ℝ), ¬dummy_line ∈ lines ∧ ¬Sunny dummy_line ∧ (∃ a b c : ℝ, ¬(a = 0 ∧ b = 0) ∧ dummy_line = {v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0}) := by
          -- Since there are infinitely many non-sunny lines, we can choose one that is not in the current set of lines.
          have h_inf_non_sunny : Set.Infinite {l : Set (ℝ × ℝ) | ¬Sunny l ∧ ∃ a b c : ℝ, ¬(a = 0 ∧ b = 0) ∧ l = {v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0}} := by
            refine' Set.infinite_of_injective_forall_mem ( fun x y hxy => _ ) fun n : ℕ => show { v : ℝ × ℝ | v.1 = n + 1 } ∈ { l : Set ( ℝ × ℝ ) | ¬Sunny l ∧ ∃ a b c : ℝ, ¬ ( a = 0 ∧ b = 0 ) ∧ l = { v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0 } } from ⟨ _, _ ⟩;
            · rw [ Set.ext_iff ] at hxy ; specialize hxy ( ( x : ℝ ) + 1, 0 ) ; aesop;
            · rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
              norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
              exact h₃ ( by linarith [ h₁.1 ( n + 1 ) 0 rfl, h₁.1 ( n + 1 ) 1 rfl ] );
            · exact ⟨ 1, 0, - ( n + 1 ), by norm_num, by ext; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> linarith ⟩;
          exact Exists.imp ( by aesop ) ( h_inf_non_sunny.exists_not_mem_finset lines );
        refine' ⟨ Insert.insert dummy_line lines, _, _, _, _ ⟩ <;> simp_all ( config := { decide := Bool.true } );
        · grind;
        · rw [ Finset.filter_insert ] ; aesop;
      · refine' ⟨ lines ∪ { { v : ℝ × ℝ | v.1 + v.2 = ( m : ℝ ) + 2 } }, _, _, _, _ ⟩;
        · simp +zetaDelta at *;
          rintro line ( hline | rfl );
          · exact hlines1 line hline;
          · exact ⟨ 1, 1, by norm_num, - ( m + 2 ), by ext; norm_num; constructor <;> intros <;> linarith ⟩;
        · rw [ Finset.card_union ] ; aesop;
        · assumption;
        · rw [ Finset.filter_union, Finset.filter_singleton ];
          rw [ if_neg ];
          · aesop;
          · rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
            norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
            exact h₄ ( by linarith [ h₁.1 ( m + 2 ) 0 ( by ring ), h₁.1 ( m + 1 ) 1 ( by ring ), h₁.1 ( m ) 2 ( by ring ) ] )

/-
For any integer $n \ge 3$, $k=3$ is a possible value.
-
-/
lemma lem_k3_possible (n : ℕ) (hn : n ≥ 3) :
  ∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = n ∧
    (∀ p ∈ s n, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = 3 := by
      -- By Lemma~\ref{lem:induction_step}, we can construct a set of $n$ lines covering $S_n$ with $k=3$ sunny lines for any $n \geq 3$.
      induction' n, Nat.succ_le.mpr hn using Nat.le_induction with n ih;
      · exact?;
      · -- Apply Lemma~\ref{lem:induction_step} to construct the set of lines for $n+1$.
        apply lem_induction_step n 3 ih;
        aesop

/-
If there exists a configuration of $n$ lines covering $S_n$ with $k$ sunny lines, and one of the lines is $x=1$, $y=1$, or $x+y=n+1$, then there exists a configuration of $n-1$ lines covering $S_{n-1}$ with $k$ or $k-1$ sunny lines. If the line is non-sunny, the number of sunny lines is $k$.
-
-/
lemma lem_reduction (n k : ℕ) (hn : n ≥ 4)
  (h_exists : ∃ L : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ L, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    L.card = n ∧
    (∀ p ∈ s n, ∃ l ∈ L, p ∈ l) ∧
    (L.filter Sunny).card = k ∧
    ({v | v.1 = (1:ℝ)} ∈ L ∨ {v | v.2 = (1:ℝ)} ∈ L ∨ {v | v.1 + v.2 = (n + 1 : ℝ)} ∈ L)) :
  ∃ L' : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ L', ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    L'.card = n - 1 ∧
    (∀ p ∈ s (n-1), ∃ l ∈ L', p ∈ l) ∧
    (L'.filter Sunny).card = k := by
      bound;
      · refine' ⟨ Finset.image ( fun l => { v : ℝ × ℝ | ∃ w ∈ l, w = ( v.1 + 1, v.2 ) } ) ( w.erase { v : ℝ × ℝ | v.1 = 1 } ), _, _, _, _ ⟩;
        · simp +zetaDelta at *;
          rintro line x hx hx' rfl;
          rcases left x hx' with ⟨ a, b, hab, c, rfl ⟩;
          exact ⟨ a, b, hab, c + a, by ext; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> linarith ⟩;
        · rw [ Finset.card_image_of_injective ];
          · -- Since {v | v.1 = 1} is in w, removing it should decrease the cardinality by 1.
            simp [Finset.card_erase_of_mem h];
          · intro l l' hl; ext x; replace hl := Set.ext_iff.mp hl ( x.1 - 1, x.2 ) ; aesop;
        · -- For any point $p \in s (w.card - 1)$, there exists a line in $w.erase {v | v.1 = 1}$ that contains $(p.1 + 1, p.2)$.
          intro p hp
          obtain ⟨a, b, ha, hb, hab, rfl⟩ := hp;
          -- Since $(a+1, b) \in S_n$, there exists a line $l \in w$ such that $(a+1, b) \in l$.
          obtain ⟨l, hl₁, hl₂⟩ : ∃ l ∈ w, ((a + 1 : ℝ), (b : ℝ)) ∈ l := by
            exact left_2 _ ⟨ a + 1, b, by linarith, by linarith, by omega, by norm_cast ⟩;
          cases eq_or_ne l { v : ℝ × ℝ | v.1 = 1 } <;> aesop;
        · -- Since the transformation preserves the sunny property, the number of sunny lines in L' is the same as in L.
          have h_sunny_preserved : ∀ l ∈ w.erase {v : ℝ × ℝ | v.1 = 1}, Sunny l ↔ Sunny {v : ℝ × ℝ | ∃ w ∈ l, w = (v.1 + 1, v.2)} := by
            -- If a line l is sunny, then the line l' obtained by shifting l to the right by 1 is also sunny, and vice versa.
            intros l hl
            constructor;
            · rintro ⟨ a, b, c, rfl, ha, hb, hab ⟩;
              exact ⟨ a, b, c + a, by ext; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> linarith, ha, hb, by contrapose! hab; linarith ⟩;
            · rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
              use a, b, c - a;
              norm_num [ Set.ext_iff ] at *;
              exact ⟨ fun x y => by specialize h₁ ( x - 1 ) y; ring_nf at *; aesop, h₂, h₃, h₄ ⟩;
          rw [ Finset.card_filter, Finset.card_filter, Finset.sum_image ];
          · rw [ ← Finset.sum_erase_add _ _ h ] ; aesop;
            · cases h_1 ; aesop;
              rw [ Set.ext_iff ] at h_1 ; have := h_1 ( 1, 0 ) ; have := h_1 ( 1, 1 ) ; norm_num at * ; cases lt_or_gt_of_ne left_1 <;> cases lt_or_gt_of_ne left_3 <;> nlinarith;
            · exact congr_arg Finset.card ( Finset.filter_congr fun x hx => by specialize h_sunny_preserved x; aesop );
          · aesop;
            ext ⟨ a, b ⟩ ; replace a_2 := Set.ext_iff.mp a_2 ( a - 1, b ) ; aesop;
      · refine' ⟨ Finset.image ( fun l => { v : ℝ × ℝ | ∃ w ∈ l, w = ( v.1, v.2 + 1 ) } ) ( w \ { { v : ℝ × ℝ | v.2 = 1 } } ), _, _, _, _ ⟩;
        · -- For any line in the image, we can take the original a, b, c from l and adjust c to c + b. Since a and b aren't both zero in the original line, they won't be both zero in the new line either.
          intro line hline
          obtain ⟨l, hl, rfl⟩ := Finset.mem_image.mp hline;
          -- By hypothesis left, there exist a, b, c such that l = {v | a*v.1 + b*v.2 + c = 0} and a ≠ 0 or b ≠ 0.
          obtain ⟨a, b, c, h_ne_zero, hl_eq⟩ := left l (Finset.mem_sdiff.mp hl).left;
          exact ⟨ a, b, c + b, by aesop, by ext; aesop <;> linarith ⟩;
        · rw [ Finset.card_image_of_injective ];
          · exact Finset.card_sdiff <| Finset.singleton_subset_iff.mpr h;
          · intro l l' h; ext x; replace h := Set.ext_iff.mp h ( x.1, x.2 - 1 ) ; aesop;
        · field_simp;
          intro a b hab;
          rcases hab with ⟨ a, b, ha, hb, hab, rfl, rfl ⟩;
          specialize left_2 ( a, b + 1 );
          exact Exists.elim ( left_2 ⟨ a, b + 1, by linarith, by linarith, by omega, by aesop ⟩ ) fun l hl => ⟨ l, ⟨ hl.1, by rintro rfl; exact absurd hl.2 ( by norm_num; linarith ) ⟩, hl.2 ⟩;
        · -- Since the transformation preserves the sunny property, the number of sunny lines in the new set is the same as in the original set.
          have h_sunny_preserved : ∀ l ∈ w \ { {v : ℝ × ℝ | v.2 = 1} }, Sunny l ↔ Sunny {v : ℝ × ℝ | ∃ w ∈ l, w = (v.1, v.2 + 1)} := by
            aesop;
            · obtain ⟨ a, b, c, rfl, ha, hb, hab ⟩ := a;
              exact ⟨ a, b, c + b, by ext; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> linarith, ha, hb, by contrapose! hab; linarith ⟩;
            · obtain ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩ := a;
              use a, b, c - b;
              norm_num [ Set.ext_iff ] at *;
              exact ⟨ fun x y => by specialize h₁ x ( y - 1 ) ; ring_nf at *; aesop, h₂, h₃, h₄ ⟩;
          -- Since the transformation preserves the sunny property, the number of sunny lines in the new set is the same as in the original set. Therefore, the cardinality of the filter of sunny lines in the new set is equal to the cardinality of the filter of sunny lines in the original set.
          have h_card_eq : (Finset.filter Sunny (Finset.image (fun l => {v : ℝ × ℝ | ∃ w ∈ l, w = (v.1, v.2 + 1)}) (w \ { {v : ℝ × ℝ | v.2 = 1} }))).card = (Finset.filter Sunny (w \ { {v : ℝ × ℝ | v.2 = 1} })).card := by
            rw [ Finset.card_filter, Finset.card_filter, Finset.sum_image ];
            · exact Finset.sum_congr rfl fun x hx => by specialize h_sunny_preserved x hx; aesop;
            · aesop;
              ext ⟨ a, b ⟩ ; replace a_2 := Set.ext_iff.mp a_2 ( a, b - 1 ) ; aesop;
          -- Since the line $y=1$ is non-sunny, removing it from $w$ does not change the count of sunny lines.
          have h_non_sunny : ¬Sunny {v : ℝ × ℝ | v.2 = 1} := by
            rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
            norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
            exact h₂ ( by linarith [ h₁.1 0, h₁.1 1 ] );
          rw [ h_card_eq, Finset.card_filter, Finset.card_filter, Finset.sum_eq_sum_diff_singleton_add h ] ; aesop;
      · -- Let's remove the line $x + y = n + 1$ from $w$ and show that the remaining lines cover $S_{n-1}$.
        set L' := w \ { {v : ℝ × ℝ | v.1 + v.2 = (w.card : ℝ) + 1} };
        refine' ⟨ L', _, _, _, _ ⟩;
        · aesop;
        · rw [ Finset.card_sdiff ] <;> aesop;
        · -- Since $w$ covers $s w.card$, which includes all points up to $a + b = w.card + 1$, removing the line $x + y = w.card + 1$ should leave the remaining lines covering $s (w.card - 1)$.
          intros p hp
          obtain ⟨l, hl₁, hl₂⟩ := left_2 p (by
          rcases hp with ⟨ a, b, ha, hb, hab, rfl ⟩ ; exact ⟨ a, b, ha, hb, by omega, rfl ⟩);
          simp +zetaDelta at *;
          rcases hp with ⟨ a, b, ha, hb, hab, rfl ⟩;
          exact ⟨ l, ⟨ hl₁, by rintro rfl; exact absurd hl₂ ( by norm_num; linarith [ show ( a : ℝ ) + b ≤ w.card by norm_cast; omega ] ) ⟩, hl₂ ⟩;
        · -- Since the line $x + y = n + 1$ is non-sunny, removing it from $w$ does not change the set of sunny lines.
          have h_non_sunny : ¬Sunny {v : ℝ × ℝ | v.1 + v.2 = (w.card : ℝ) + 1} := by
            rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
            norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
            exact h₄ ( by linarith [ h₁.1 ( ↑w.card + 1 ) 0 ( by ring ), h₁.1 0 ( ↑w.card + 1 ) ( by ring ), h₁.1 1 ( ↑w.card ) ( by ring ) ] );
          rw [ Finset.card_filter, Finset.card_filter, Finset.sum_eq_sum_diff_singleton_add h_2 ] ; aesop

/-
If a set $\mathcal{L}$ of $n$ lines covers $S_n$ for $n \ge 3$, and none of the lines $x=1$, $y=1$, or $x+y=n+1$ are in $\mathcal{L}$, then all $n$ lines in $\mathcal{L}$ must be sunny.
-
-/
lemma lem_boundary_lines_implication (n : ℕ) (hn : n ≥ 3)
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = n)
  (h_lines : ∀ l ∈ L, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ l = { v | a * v.1 + b * v.2 + c = 0 })
  (h_cover : ∀ p ∈ s n, ∃ l ∈ L, p ∈ l)
  (h_boundary : {v | v.1 = (1:ℝ)} ∉ L ∧ {v | v.2 = (1:ℝ)} ∉ L ∧ {v | v.1 + v.2 = (n + 1 : ℝ)} ∉ L) :
  ∀ l ∈ L, Sunny l := by
    -- For any line $l \in L$, we need to show that it is not parallel to the $x$-axis, $y$-axis, or the line $x+y=0$.
    have h_not_parallel : ∀ l ∈ L, ¬(∃ c : ℝ, l = {v : ℝ × ℝ | v.1 = c}) ∧ ¬(∃ c : ℝ, l = {v : ℝ × ℝ | v.2 = c}) ∧ ¬(∃ c : ℝ, l = {v : ℝ × ℝ | v.1 + v.2 = c}) := by
      bound;
      · -- If $x = w$ is in $L$, then for each $j \in \{1, 2, \ldots, n\}$, the point $(1, j)$ must be covered by some line in $L$.
        have h_cover : ∀ j : ℕ, 1 ≤ j → j ≤ L.card → ∃ l ∈ L, l ≠ {v : ℝ × ℝ | v.1 = w} ∧ ((1 : ℝ), (j : ℝ)) ∈ l := by
          -- Since $(1, j)$ is in $s L.card$, by $h_cover$, there exists a line in $L$ that contains $(1, j)$.
          have h_exists_line : ∀ j : ℕ, 1 ≤ j → j ≤ L.card → ∃ l ∈ L, ((1 : ℝ), (j : ℝ)) ∈ l := by
            exact fun j hj₁ hj₂ => h_cover _ ⟨ 1, j, by norm_num, by linarith, by linarith, by norm_num ⟩;
          intro j hj₁ hj₂; specialize h_exists_line j hj₁ hj₂; aesop;
        -- By the pigeonhole principle, since there are L.card points (1, j) and only L.card - 1 other lines in L, at least two of these points must be covered by the same line.
        have h_pigeonhole : ∃ j k : ℕ, 1 ≤ j ∧ j ≤ L.card ∧ 1 ≤ k ∧ k ≤ L.card ∧ j ≠ k ∧ ∃ l ∈ L, l ≠ {v : ℝ × ℝ | v.1 = w} ∧ ((1 : ℝ), (j : ℝ)) ∈ l ∧ ((1 : ℝ), (k : ℝ)) ∈ l := by
          choose! f hf using h_cover;
          have h_pigeonhole : Finset.card (Finset.image f (Finset.Icc 1 L.card)) ≤ L.card - 1 := by
            have h_distinct : Finset.image f (Finset.Icc 1 L.card) ⊆ L \ { {v : ℝ × ℝ | v.1 = w} } := by
              simp_all ( config := { decide := Bool.true } ) [ Finset.image_subset_iff ];
            exact le_trans ( Finset.card_le_card h_distinct ) ( by rw [ Finset.card_sdiff ] <;> aesop );
          contrapose! h_pigeonhole;
          rw [ Finset.card_image_of_injOn ];
          · simp;
            exact ⟨ _, a ⟩;
          · field_simp;
            exact fun x hx y hy hxy => Classical.not_not.1 fun h => h_pigeonhole x y hx.1 hx.2 hy.1 hy.2 h ( f x ) ( hf x hx.1 hx.2 |>.1 ) ( hf x hx.1 hx.2 |>.2.1 ) ( hf x hx.1 hx.2 |>.2.2 ) ( by simpa [ hxy ] using hf y hy.1 hy.2 |>.2.2 );
        bound;
        obtain ⟨ a, b, c, h, rfl ⟩ := h_lines _ left_7;
        simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
      · -- Since $y = w$ is in $L$, it must cover some point $(a, 1)$ for $a \in \{1, 2, \ldots, n\}$.
        have h_cover_y1 : ∀ a ∈ Finset.Icc 1 L.card, ∃ l ∈ L, l ≠ {v : ℝ × ℝ | v.2 = w} ∧ ((a : ℝ), 1) ∈ l := by
          intro a ha;
          have := h_cover ( a, 1 ) ⟨ a, 1, by linarith [ Finset.mem_Icc.mp ha ], by norm_num, by linarith [ Finset.mem_Icc.mp ha ], by norm_num ⟩;
          exact this.imp fun l hl => ⟨ hl.1, by rintro rfl; exact absurd hl.2 ( by norm_num; aesop ), hl.2 ⟩;
        -- By the pigeonhole principle, since there are L.card a's and only L.card - 1 other lines, at least two of these a's must be covered by the same line.
        have h_pigeonhole : ∃ a b : ℕ, a ∈ Finset.Icc 1 L.card ∧ b ∈ Finset.Icc 1 L.card ∧ a ≠ b ∧ ∃ l ∈ L, l ≠ {v : ℝ × ℝ | v.2 = w} ∧ ((a : ℝ), 1) ∈ l ∧ ((b : ℝ), 1) ∈ l := by
          choose! f hf using h_cover_y1;
          have h_pigeonhole : Finset.card (Finset.image f (Finset.Icc 1 L.card)) ≤ L.card - 1 := by
            have h_distinct : Finset.image f (Finset.Icc 1 L.card) ⊆ L \ { {v : ℝ × ℝ | v.2 = w} } := by
              simp_all ( config := { decide := Bool.true } ) [ Finset.image_subset_iff ];
            exact le_trans ( Finset.card_le_card h_distinct ) ( by rw [ Finset.card_sdiff ] <;> aesop );
          contrapose! h_pigeonhole;
          rw [ Finset.card_image_of_injOn ];
          · field_simp;
          · exact fun a ha b hb hab => Classical.not_not.1 fun h => h_pigeonhole a b ha hb h ( f a ) ( hf a ha |>.1 ) ( hf a ha |>.2.1 ) ( hf a ha |>.2.2 ) ( by simpa [ hab ] using hf b hb |>.2.2 );
        simp +zetaDelta at *;
        obtain ⟨ a, ⟨ ha₁, ha₂ ⟩, b, ⟨ hb₁, hb₂ ⟩, hab, l, hl₁, hl₂, hl₃, hl₄ ⟩ := h_pigeonhole;
        obtain ⟨ a', b', hab', x', rfl ⟩ := h_lines l hl₁;
        simp_all ( config := { decide := Bool.true } );
        by_cases ha : a' = 0;
        · simp_all ( config := { decide := Bool.true } ) [ add_eq_zero_iff_eq_neg ];
        · exact hab ( Nat.cast_injective ( mul_left_cancel₀ ha <| by linarith : ( a : ℝ ) = b ) );
      · -- Since $x + y = w$ is in $L$ and $w \neq n + 1$, this line cannot cover any point $(a, b)$ with $a + b = n + 1$.
        have h_cover_false : ∀ a ∈ Finset.Icc 1 (L.card), ∃ l ∈ L, ((a : ℝ), (L.card + 1 - a : ℝ)) ∈ l ∧ l ≠ {v : ℝ × ℝ | v.1 + v.2 = w} := by
          -- Since $a + (L.card + 1 - a) = L.card + 1$, the point $(a, L.card + 1 - a)$ is in $s L.card$.
          have h_point_in_sn : ∀ a ∈ Finset.Icc 1 L.card, ((a : ℝ), (L.card + 1 - a : ℝ)) ∈ s L.card := by
            -- By definition of $s$, we need to show that for any $a \in \{1, 2, \ldots, L.card\}$, the point $(a, L.card + 1 - a)$ satisfies $a + (L.card + 1 - a) \leq L.card + 1$.
            intro a ha
            use a, L.card + 1 - a;
            norm_num +zetaDelta at *;
            exact ⟨ ha.1, Nat.lt_succ_of_le ha.2, by omega, by rw [ Nat.cast_sub ] <;> norm_num ; linarith ⟩;
          -- By h_cover, for each $a \in \{1, 2, \ldots, L.card\}$, there exists a line in $L$ that contains the point $(a, L.card + 1 - a)$.
          have h_cover_exists : ∀ a ∈ Finset.Icc 1 L.card, ∃ l ∈ L, ((a : ℝ), (L.card + 1 - a : ℝ)) ∈ l := by
            exact fun a ha => h_cover _ ( h_point_in_sn a ha );
          intro a ha; specialize h_cover_exists a ha; obtain ⟨ l, hl₁, hl₂ ⟩ := h_cover_exists; use l; aesop;
        choose! f hf using h_cover_false;
        have h_distinct : Finset.card (Finset.image f (Finset.Icc 1 L.card)) ≤ Finset.card L - 1 := by
          have h_distinct : Finset.image f (Finset.Icc 1 L.card) ⊆ L \ { {v : ℝ × ℝ | v.1 + v.2 = w} } := by
            simp_all ( config := { decide := Bool.true } ) [ Finset.image_subset_iff ];
          exact le_trans ( Finset.card_le_card h_distinct ) ( by rw [ Finset.card_sdiff ] <;> aesop );
        rw [ Finset.card_image_of_injOn ] at h_distinct;
        · norm_num at * ; omega;
        · intros x hx y hy; have := hf x hx; have := hf y hy; aesop;
          cases h_lines _ ( hf x left_2 right_1 |>.1 ) ; aesop;
          have := hf y left_3 right_2; aesop;
          by_cases hw : w_1 = w_2;
          · aesop;
            exact False.elim <| right <| by convert left_5 using 1; ext ; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> cases lt_or_gt_of_ne left_4 <;> nlinarith;
          · exact_mod_cast ( mul_left_cancel₀ ( sub_ne_zero_of_ne hw ) <| by linarith : ( x : ℝ ) = y );
    -- By definition of sunny, if a line is not parallel to the x-axis, y-axis, or x+y=0, then it must be sunny.
    intros l hl
    obtain ⟨a, b, c, h_ne_zero, h_eq⟩ := h_lines l hl;
    use a, b, c;
    -- Since $l$ is not parallel to the $x$-axis or $y$-axis, $a$ and $b$ cannot be zero.
    have h_a_ne_zero : a ≠ 0 := by
      -- If $a = 0$, then the line equation becomes $b * y + c = 0$, which is a horizontal line. However, $h_not_parallel$ states that the line cannot be parallel to the $x$-axis, which means it cannot be horizontal. Therefore, $a$ must be non-zero.
      by_contra ha_zero
      have h_horizontal : ∃ c : ℝ, l = {v : ℝ × ℝ | v.2 = c} := by
        exact ⟨ -c / b, by ext; simp ( config := { decide := Bool.true } ) [ h_eq, ha_zero, field_simps, show b ≠ 0 by aesop ] ; constructor <;> intros <;> linarith ⟩;
      exact h_not_parallel l hl |>.2.1 h_horizontal
    have h_b_ne_zero : b ≠ 0 := by
      rintro rfl;
      exact h_not_parallel l hl |>.1 ⟨ -c / a, by ext; simp ( config := { decide := Bool.true } ) [ h_eq, field_simps, h_a_ne_zero ] ; constructor <;> intros <;> linarith ⟩;
    bound;
    exact h_not_parallel _ hl |>.2.2 ⟨ -c / a, by ext ⟨ x, y ⟩ ; simpa [ field_simps, h_b_ne_zero ] using by constructor <;> intros <;> linarith ⟩

/-
Let $n \ge 3$. If a set $\mathcal{L}$ of $n$ sunny lines covers $S_n$, then one line in $\mathcal{L}$, call it $L_1$, passes through $(1,1)$. The other $n-1$ lines in $\mathcal{L}$ establish a bijection between the sets of points $\{(1,j): j=2,\dots,n\}$ and $\{(i,1): i=2,\dots,n\}$.
-
-/
lemma lem_kn_setup (n : ℕ) (hn : n ≥ 3)
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = n) (h_sunny : ∀ l ∈ L, Sunny l)
  (h_cover : ∀ p ∈ s n, ∃ l ∈ L, p ∈ l) :
  ∃ L1 ∈ L, ((1:ℝ), (1:ℝ)) ∈ L1 ∧
    (let PtsX := Finset.image (fun j : ℕ => ((1:ℝ), (j:ℝ))) (Finset.Icc (2:ℕ) n);
    let PtsY := Finset.image (fun i : ℕ => ((i:ℝ), (1:ℝ))) (Finset.Icc (2:ℕ) n);
    ∀ l ∈ L \ {L1}, (∃! p ∈ PtsX, p ∈ l) ∧ (∃! q ∈ PtsY, q ∈ l)) := by
      -- Let's first show that there exists a line $L_1 \in \mathcal{L}$ passing through $(1,1)$.
      obtain ⟨L1, hL1_in, hL1_cover⟩ : ∃ L1 ∈ L, ((1:ℝ), (1:ℝ)) ∈ L1 := by
        -- By definition of $s$, we know that $(1, 1) \in s n$ since $1 + 1 \leq n + 1$ for $n \geq 3$.
        have h_point_in_sn : (1, 1) ∈ s n := by
          exact ⟨ 1, 1, by norm_num, by norm_num, by linarith, by norm_num ⟩;
        exact h_cover _ h_point_in_sn;
      -- Since $L$ is a set of sunny lines, each line in $L \setminus \{L1\}$ must intersect $PtsX$ and $PtsY$ exactly once.
      have h_inter : ∀ l ∈ L \ {L1}, (∃ p ∈ Finset.image (fun j : ℕ => ((1 : ℝ), (j : ℝ))) (Finset.Icc 2 n), p ∈ l) ∧ (∃ q ∈ Finset.image (fun i : ℕ => ((i : ℝ), (1 : ℝ))) (Finset.Icc 2 n), q ∈ l) := by
        aesop;
        · -- Since $l$ is a sunny line, it must intersect the line $x=1$ at some point $(1, a)$ where $a \in \{2, 3, \ldots, n\}$.
          have h_inter_x : ∃ a ∈ Finset.Icc 2 (L.card), (1, (a : ℝ)) ∈ l := by
            -- By the coverage condition, for each $j \in \{2, 3, \ldots, L.card\}$, there exists a line in $L$ that contains $(1, j)$. Since $l \in L$ and $l \neq L1$, it must contain some $(1, j)$ where $j \in \{2, 3, \ldots, L.card\}$.
            have h_cover_x : ∀ j ∈ Finset.Icc 2 L.card, ∃ l ∈ L, (1, (j : ℝ)) ∈ l := by
              exact fun j hj => h_cover 1 j ⟨ 1, j, by norm_num, by linarith [ Finset.mem_Icc.mp hj ], by linarith [ Finset.mem_Icc.mp hj ], by norm_num ⟩;
            choose! f hf using h_cover_x;
            -- Since $f$ is injective and $L$ has $L.card$ elements, and $l$ is in $L$, there must be some $j$ such that $f j = l$.
            have h_inj : Finset.card (Finset.image f (Finset.Icc 2 L.card)) = L.card - 1 := by
              rw [ Finset.card_image_of_injOn ];
              · simp;
              · intros x hx y hy; have := hf x hx; have := hf y hy; aesop;
                cases h_sunny _ ( hf x left_1 right_1 |>.1 ) ; aesop;
                have := hf y left_2 right_2; aesop;
                exact_mod_cast ( mul_left_cancel₀ left_4 <| by linarith : ( x : ℝ ) = y );
            have h_inj : Finset.image f (Finset.Icc 2 L.card) = L \ {L1} := by
              apply Finset.eq_of_subset_of_card_le;
              · intro; aesop;
                have := hf w left_1 right_2; specialize hf w left_1 right_2; rcases h_sunny _ this.1 with ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩ ; simp_all ( config := { decide := Bool.true } ) [ Set.ext_iff ];
                exact h₃ ( by nlinarith [ ( by norm_cast : ( 2 : ℝ ) ≤ w ) ] );
              · rw [ Finset.card_sdiff ] <;> aesop;
            replace h_inj := Finset.ext_iff.mp h_inj l; aesop;
          aesop;
        · -- Since $L$ covers all points in $S_n$, including $(i, 1)$ for $i \in \{2, \dots, n\}$, and $L1$ covers $(1, 1)$, the remaining lines in $L \setminus \{L1\}$ must cover the points $(i, 1)$ for $i \in \{2, \dots, n\}$.
          have h_cover_remaining : ∀ i ∈ Finset.Icc 2 (L.card), ∃ l ∈ L \ {L1}, ((i : ℝ), 1) ∈ l := by
            -- Since $L$ covers all points in $S_n$, including $(i, 1)$ for $i \in \{2, \dots, L.card\}$, and $L1$ covers $(1, 1)$, the remaining lines in $L \setminus \{L1\}$ must cover the points $(i, 1)$ for $i \in \{2, \dots, L.card\}$.
            intros i hi
            obtain ⟨l, hlL, hl⟩ : ∃ l ∈ L, ((i : ℝ), 1) ∈ l := by
              exact h_cover i 1 ⟨ i, 1, by linarith [ Finset.mem_Icc.mp hi ], by norm_num, by linarith [ Finset.mem_Icc.mp hi ], by norm_num ⟩;
            by_cases hl1 : l = L1;
            · rcases h_sunny L1 hL1_in with ⟨ a, b, c, rfl, ha, hb, hab ⟩;
              simp_all ( config := { decide := Bool.true } );
              exact False.elim <| ha <| by nlinarith [ ( by norm_cast; linarith : ( 2 : ℝ ) ≤ i ) ] ;
            · aesop;
          choose! f hf using h_cover_remaining;
          have h_image : Finset.image f (Finset.Icc 2 (L.card)) = L \ {L1} := by
            apply Finset.eq_of_subset_of_card_le;
            · exact Finset.image_subset_iff.mpr fun i hi => hf i hi |>.1;
            · rw [ Finset.card_image_of_injOn ];
              · rw [ Finset.card_sdiff ] <;> aesop;
              · intros i hi j hj hij;
                have := hf i hi; have := hf j hj; aesop;
                cases h_sunny _ ( hf j left_2 right_2 |>.1.1 ) ; aesop;
                have := hf j left_2 right_2; aesop;
                exact_mod_cast ( mul_left_cancel₀ left_3 <| by linarith : ( i : ℝ ) = j );
          replace h_image := Finset.ext_iff.mp h_image l; aesop;
      -- Since $L$ is a set of sunny lines, each line in $L \setminus \{L1\}$ cannot be parallel to the x-axis, y-axis, or the line $x+y=0$.
      have h_not_parallel : ∀ l ∈ L \ {L1}, ∀ p q : ℝ × ℝ, p ∈ Finset.image (fun j : ℕ => ((1 : ℝ), (j : ℝ))) (Finset.Icc 2 n) → q ∈ Finset.image (fun j : ℕ => ((1 : ℝ), (j : ℝ))) (Finset.Icc 2 n) → p ∈ l → q ∈ l → p = q ∧ ∀ p q : ℝ × ℝ, p ∈ Finset.image (fun i : ℕ => ((i : ℝ), (1 : ℝ))) (Finset.Icc 2 n) → q ∈ Finset.image (fun i : ℕ => ((i : ℝ), (1 : ℝ))) (Finset.Icc 2 n) → p ∈ l → q ∈ l → p = q := by
        aesop;
        · cases h_sunny l left ; aesop;
          exact mul_left_cancel₀ left_4 <| by linarith;
        · cases h_sunny l left ; aesop;
          exact_mod_cast ( mul_left_cancel₀ left_3 <| by linarith : ( x : ℝ ) = x_1 );
      -- By combining h_inter and h_not_parallel, we can conclude that for each l in L \ {L1}, there exists a unique point in PtsX and a unique point in PtsY that lie on l.
      have h_unique : ∀ l ∈ L \ {L1}, (∃! p : ℝ × ℝ, p ∈ Finset.image (fun j : ℕ => ((1 : ℝ), (j : ℝ))) (Finset.Icc 2 n) ∧ p ∈ l) ∧ (∃! q : ℝ × ℝ, q ∈ Finset.image (fun i : ℕ => ((i : ℝ), (1 : ℝ))) (Finset.Icc 2 n) ∧ q ∈ l) := by
        intro l hl;
        bound;
        · obtain ⟨ p, hp₁, hp₂ ⟩ := h_inter l hl |>.1;
          exact ⟨ p, ⟨ hp₁, hp₂ ⟩, fun q hq => h_not_parallel l hl q p hq.1 hp₁ hq.2 hp₂ |>.1 ⟩;
        · obtain ⟨ q, hq₁, hq₂ ⟩ := h_inter l hl |>.2;
          use q;
          grind;
      exact ⟨ L1, hL1_in, hL1_cover, h_unique ⟩

/-
Let $n \ge 3$. If a set $\mathcal{L}$ of $n$ sunny lines covers $S_n$, let $L_1$ be the line covering $(1,1)$. For each $j \in \{2,\dots,n\}$, there is a unique line $L_j \in \mathcal{L} \setminus \{L_1\}$ that passes through $(1,j)$. This induces a permutation $\sigma$ of $\{2,\dots,n\}$ such that $L_j$ also passes through $(\sigma(j),1)$.
-
-/
lemma lem_kn_permutation_setup (n : ℕ) (hn : n ≥ 3)
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = n) (h_sunny : ∀ l ∈ L, Sunny l)
  (h_cover : ∀ p ∈ s n, ∃ l ∈ L, p ∈ l)
  (L1 : Set (ℝ × ℝ)) (h_L1_in : L1 ∈ L) (h_L1_covers_1_1 : ((1:ℝ), (1:ℝ)) ∈ L1) :
  ∃ σ : Equiv.Perm {i // i ∈ Finset.Icc (2:ℕ) n},
    ∀ (j : {i // i ∈ Finset.Icc (2:ℕ) n}), ∃! l ∈ L \ {L1}, ((1:ℝ), (j:ℝ)) ∈ l ∧ ((((σ j):ℕ):ℝ), (1:ℝ)) ∈ l := by
      -- Let's denote the set of points $(1, j)$ for $j \in \{2, \ldots, n\}$ as $PtsX$ and the set of points $(i, 1)$ for $i \in \{2, \ldots, n\}$ as $PtsY$.
      set PtsX := Finset.image (fun j : ℕ => ((1:ℝ), (j:ℝ))) (Finset.Icc (2:ℕ) n)
      set PtsY := Finset.image (fun i : ℕ => ((i:ℝ), (1:ℝ))) (Finset.Icc (2:ℕ) n);
      have h_bijection : ∀ j : Finset.Icc (2:ℕ) n, ∃! l ∈ L \ {L1}, ((1:ℝ), (j:ℝ)) ∈ l := by
        intro j;
        have h_unique_line : ∀ j : Finset.Icc (2:ℕ) n, ∃ l ∈ L, ((1:ℝ), (j:ℝ)) ∈ l ∧ l ≠ L1 := by
          intro j;
          obtain ⟨ l, hl₁, hl₂ ⟩ := h_cover ( 1, j ) ⟨ 1, j, by norm_num, by linarith [ Finset.mem_Icc.mp j.2 ], by linarith [ Finset.mem_Icc.mp j.2 ], by norm_num ⟩;
          by_cases hl₃ : l = L1;
          · rcases h_sunny L1 h_L1_in with ⟨ a, b, c, rfl, ha, hb, hab ⟩;
            -- Subtracting the equation $a + b + c = 0$ from $a + b*j + c = 0$ gives $b*(j-1) = 0$. Since $b \neq 0$, this implies $j = 1$, which contradicts $j \geq 2$.
            have h_contra : b * (j - 1) = 0 := by
              aesop;
              exact mul_left_cancel₀ hb <| by linarith;
            exact absurd h_contra ( mul_ne_zero hb ( sub_ne_zero_of_ne ( by norm_cast; linarith [ Finset.mem_Icc.mp j.2 ] ) ) );
          · exact ⟨ l, hl₁, hl₂, hl₃ ⟩;
        choose f hf using h_unique_line;
        have h_unique_line : Finset.image f Finset.univ = L \ {L1} := by
          apply Finset.eq_of_subset_of_card_le;
          · simp_all ( config := { decide := Bool.true } ) [ Finset.image_subset_iff ];
          · rw [ Finset.card_image_of_injective ];
            · rw [ Finset.card_sdiff ] <;> aesop;
            · intros x y hxy;
              have := hf x; have := hf y; aesop;
              cases h_sunny _ left ; aesop;
              exact_mod_cast ( mul_left_cancel₀ left_4 <| by linarith : ( val_1 : ℝ ) = val_2 );
        use f j;
        aesop;
        · exact hf _ ( Finset.mem_Icc.mp property ) |>.1;
        · specialize hf val ( Finset.mem_Icc.mp property );
          grind;
        · exact hf val ( Finset.mem_Icc.mp property ) |>.2.1;
        · replace h_unique_line := Finset.ext_iff.mp h_unique_line y; aesop;
          cases h_sunny _ ( hf _ ⟨ left, right ⟩ |>.1 ) ; aesop;
          have := hf w ⟨ left, right ⟩ ; aesop;
          simp_all ( config := { decide := Bool.true } ) [ show val = w by exact_mod_cast ( mul_left_cancel₀ left_2 <| by linarith : ( val : ℝ ) = w ) ];
      -- Since these lines are distinct and cover all points (i, 1) for i in {2, ..., n}, they form a bijection between the sets {2, ..., n} and {2, ..., n}.
      have h_bijection : ∀ i : Finset.Icc (2:ℕ) n, ∃! l ∈ L \ {L1}, ((i:ℝ), (1:ℝ)) ∈ l := by
        have h_bijection : ∀ i : Finset.Icc (2:ℕ) n, ∃ l ∈ L \ {L1}, ((i:ℝ), (1:ℝ)) ∈ l := by
          have h_cover : ∀ i : Finset.Icc (2:ℕ) n, ∃ l ∈ L, ((i:ℝ), (1:ℝ)) ∈ l := by
            intro i;
            convert h_cover ( i, 1 ) _;
            exact ⟨ i, 1, by linarith [ Finset.mem_Icc.mp i.2 ], by norm_num, by linarith [ Finset.mem_Icc.mp i.2 ], by norm_num ⟩
          intro i;
          obtain ⟨ l, hl₁, hl₂ ⟩ := h_cover i;
          by_cases hl₃ : l = L1;
          · rcases h_sunny L1 h_L1_in with ⟨ a, b, c, rfl, ha, hb, hab ⟩;
            simp_all ( config := { decide := Bool.true } );
            exact False.elim <| ha <| by nlinarith [ show ( i : ℝ ) ≥ 2 by norm_cast; linarith [ Finset.mem_Icc.mp i.2 ] ] ;
          · exact ⟨ l, Finset.mem_sdiff.mpr ⟨ hl₁, by aesop ⟩, hl₂ ⟩;
        choose f hf using h_bijection;
        have h_bijection : Finset.image f Finset.univ = L \ {L1} := by
          apply Finset.eq_of_subset_of_card_le;
          · exact Finset.image_subset_iff.mpr fun i _ => hf i |>.1;
          · rw [ Finset.card_image_of_injective ];
            · rw [ Finset.card_sdiff ] <;> aesop;
            · intros i j hij;
              have := hf i; have := hf j; aesop;
              cases h_sunny _ left ; aesop;
              exact_mod_cast ( mul_left_cancel₀ left_1 <| by linarith : ( val : ℝ ) = val_1 );
        -- Since $f$ is injective, each line in $L \setminus \{L1\}$ corresponds to exactly one $i$.
        have h_injective : Function.Injective f := by
          intros i j hij;
          have := hf i; have := hf j; aesop;
          cases h_sunny _ left ; aesop;
          exact_mod_cast ( mul_left_cancel₀ left_1 <| by linarith : ( val : ℝ ) = val_1 );
        intro i;
        refine' ⟨ f i, hf i, fun l hl => _ ⟩;
        replace h_bijection := Finset.ext_iff.mp h_bijection l; aesop;
        cases h_sunny _ ( hf _ ⟨ left_1, right_2 ⟩ |>.1.1 ) ; aesop;
        have := hf w ⟨ left_1, right_2 ⟩ ; aesop;
        cases eq_or_ne val w <;> simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
        exact False.elim <| ‹¬val = w› <| Nat.cast_injective ( mul_left_cancel₀ left <| by linarith : ( val : ℝ ) = w );
      choose σ hσ₁ hσ₂ using ‹∀ j : Finset.Icc ( 2 : ℕ ) n, ∃! l : Set ( ℝ × ℝ ), l ∈ L \ { L1 } ∧ ( 1, ( j : ℝ ) ) ∈ l›;
      choose f hf using h_bijection;
      -- Since σ and f are both bijections, we can define a permutation σ' that maps each j to the unique i such that σ j = f i.
      obtain ⟨σ', hσ'⟩ : ∃ σ' : Equiv.Perm (Finset.Icc (2:ℕ) n), ∀ j : Finset.Icc (2:ℕ) n, σ j = f (σ' j) := by
        have h_bijection : ∀ j : Finset.Icc (2:ℕ) n, ∃ i : Finset.Icc (2:ℕ) n, σ j = f i := by
          have h_bijection : Finset.image σ Finset.univ = Finset.image f Finset.univ := by
            have h_bijection : Finset.image σ Finset.univ = L \ {L1} ∧ Finset.image f Finset.univ = L \ {L1} := by
              constructor;
              · apply Finset.eq_of_subset_of_card_le;
                · exact Finset.image_subset_iff.mpr fun x _ => hσ₁ x |>.1;
                · norm_num +zetaDelta at *;
                  rw [ Finset.card_image_of_injective ];
                  · simp ( config := { decide := Bool.true } ) [ Finset.card_sdiff, * ];
                  · intros a b hab;
                    have := hσ₁ a ( Finset.mem_Icc.mp a.2 ) ; have := hσ₁ b ( Finset.mem_Icc.mp b.2 ) ; aesop;
                    cases h_sunny _ left ; aesop;
                    exact_mod_cast ( mul_left_cancel₀ left_2 <| by linarith : ( val : ℝ ) = val_1 );
              · -- Since $f$ is a bijection between the universal set and $L \setminus \{L1\}$, the image of $f$ must be exactly $L \setminus \{L1\}$.
                have h_bijection : Finset.card (Finset.image f Finset.univ) = Finset.card (L \ {L1}) := by
                  field_simp;
                  rw [ Finset.card_image_of_injective ];
                  · simp +zetaDelta at *;
                    rw [ Finset.card_sdiff ] <;> aesop;
                  · intros i j hij;
                    -- Since $f i = f j$, both $i$ and $j$ must be the same because the line is unique.
                    have h_unique : ∀ l ∈ L \ {L1}, ∀ i j : Finset.Icc (2:ℕ) n, ((i:ℝ), (1:ℝ)) ∈ l → ((j:ℝ), (1:ℝ)) ∈ l → i = j := by
                      norm_num +zetaDelta at *;
                      intro l hl hl' a ha₁ ha₂ b hb₁ hb₂ ha₃ hb₃; specialize h_sunny l hl; rcases h_sunny with ⟨ a', b', c', rfl, ha₄, hb₄, hab ⟩ ; norm_num at *;
                      exact_mod_cast ( mul_left_cancel₀ ha₄ <| by linarith : ( a : ℝ ) = b );
                    exact h_unique _ ( hf i |>.1.1 ) _ _ ( hf i |>.1.2 ) ( hij ▸ hf j |>.1.2 );
                exact Finset.eq_of_subset_of_card_le ( Finset.image_subset_iff.mpr fun i _ => hf i |>.1.1 ) h_bijection.ge;
            rw [h_bijection.left, h_bijection.right];
          intro j;
          -- Since the images of σ and f are equal, for each j, there must be an i such that σ j = f i.
          have h_exists_i : ∀ j : Finset.Icc (2:ℕ) n, ∃ i : Finset.Icc (2:ℕ) n, σ j = f i := by
            intro j
            have h_in_image : σ j ∈ Finset.image f Finset.univ := by
              exact h_bijection ▸ Finset.mem_image_of_mem σ ( Finset.mem_univ j )
            simpa [ eq_comm ] using Finset.mem_image.mp h_in_image;
          exact h_exists_i j;
        choose σ' hσ' using h_bijection;
        have h_bijection : Function.Injective σ' := by
          intros j j' hj;
          have := hσ₁ j; have := hσ₁ j'; simp_all ( config := { decide := Bool.true } ) ;
          cases h_sunny _ ( by tauto ) ; aesop;
          -- Since σ ⟨val, property⟩ = σ ⟨val_1, property_1⟩, and σ is injective, we have val = val_1.
          have h_inj : σ ⟨val, property⟩ = σ ⟨val_1, property_1⟩ → val = val_1 := by
            intros h; cases h_sunny _ left; aesop;
            exact_mod_cast ( mul_left_cancel₀ left_4 <| by linarith : ( val : ℝ ) = val_1 );
          -- Since σ' ⟨val, property⟩ = σ' ⟨val_1, property_1⟩, we can use hσ' to conclude that σ ⟨val, property⟩ = σ ⟨val_1, property_1⟩.
          have h_eq : σ ⟨val, property⟩ = σ ⟨val_1, property_1⟩ := by
            rw [ hσ', hσ', hj ];
            · exact Finset.mem_Icc.mp property_1;
            · exact Finset.mem_Icc.mp property;
          exact h_inj h_eq;
        exact ⟨ Equiv.ofBijective σ' ⟨ h_bijection, Finite.injective_iff_surjective.mp h_bijection ⟩, hσ' ⟩;
      use σ';
      intro j;
      use σ j;
      grind

/-
The permutation $\sigma$ from Lemma~\ref{lem:kn_permutation_setup} must be a derangement, i.e., $\sigma(j) \ne j$ for all $j \in \{2, \dots, n\}$.
-
-/
lemma lem_kn_derangement (n : ℕ) (hn : n ≥ 3)
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = n) (h_sunny : ∀ l ∈ L, Sunny l)
  (h_cover : ∀ p ∈ s n, ∃ l ∈ L, p ∈ l)
  (L1 : Set (ℝ × ℝ)) (h_L1_in : L1 ∈ L) (h_L1_covers_1_1 : ((1:ℝ), (1:ℝ)) ∈ L1)
  (σ : Equiv.Perm {i // i ∈ Finset.Icc (2:ℕ) n})
  (h_sigma_prop : ∀ (j : {i // i ∈ Finset.Icc (2:ℕ) n}), ∃! l ∈ L \ {L1}, ((1:ℝ), (j:ℝ)) ∈ l ∧ ((((σ j):ℕ):ℝ), (1:ℝ)) ∈ l) :
  ∀ (j : {i // i ∈ Finset.Icc (2:ℕ) n}), σ j ≠ j := by
    intro j hj;
    obtain ⟨ l, hl₁, hl₂ ⟩ := ExistsUnique.exists ( h_sigma_prop j );
    obtain ⟨ a, b, c, rfl, ha, hb, hab ⟩ := h_sunny l ( Finset.mem_sdiff.mp hl₁ |>.1 );
    simp_all ( config := { decide := Bool.true } );
    exact hab ( by nlinarith [ show ( j : ℝ ) ≥ 2 by exact_mod_cast Finset.mem_Icc.mp j.2 |>.1 ] )

/-
For $j \in \{2, \dots, n\}$, the line $L_j$ from Lemma~\ref{lem:kn_permutation_setup} has the equation $x(j-1) + y(\sigma(j)-1) = j\sigma(j)-1$.
-
-/
lemma lem_kn_line_equation (n : ℕ) (hn : n ≥ 3)
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = n) (h_sunny : ∀ l ∈ L, Sunny l)
  (L1 : Set (ℝ × ℝ)) (h_L1_in : L1 ∈ L)
  (σ : Equiv.Perm {i // i ∈ Finset.Icc (2:ℕ) n})
  (j : {i // i ∈ Finset.Icc (2:ℕ) n})
  (l : Set (ℝ × ℝ)) (hl : l ∈ L \ {L1})
  (h_lj : ((1:ℝ), (j:ℝ)) ∈ l ∧ ((((σ j):ℕ):ℝ), (1:ℝ)) ∈ l) :
  let j_val := (j : ℕ);
  let sj_val := ((σ j) : ℕ);
  l = { v | v.1 * ((j_val : ℝ) - 1) + v.2 * ((sj_val : ℝ) - 1) = (j_val : ℝ) * (sj_val : ℝ) - 1 } := by
    -- By definition of $l$, we know that it passes through $(1, j)$ and $(\sigma(j), 1)$.
    obtain ⟨a, b, c, hl_eq, ha, hb, hab⟩ := h_sunny l (Finset.mem_sdiff.mp hl).left;
    norm_num [ hl_eq ] at *;
    -- By solving the system of equations given by h_lj, we can express a and c in terms of b and the coordinates of j and σ(j).
    have h_sol : a = b * (1 - j.val) / (1 - (σ j).val) ∧ c = -b * (1 - j.val * (σ j).val) / (1 - (σ j).val) := by
      constructor <;> rw [ eq_div_iff ];
      · linarith;
      · exact sub_ne_zero_of_ne ( Ne.symm ( by norm_cast; linarith [ Finset.mem_Icc.mp ( σ j |>.2 ) ] ) );
      · cases lt_or_gt_of_ne ha <;> cases lt_or_gt_of_ne hb <;> nlinarith;
      · exact sub_ne_zero_of_ne ( Ne.symm ( by norm_cast; linarith [ Finset.mem_Icc.mp ( σ j |>.2 ) ] ) );
    -- Substitute the expressions for $a$ and $c$ into the equation $a*x + b*y + c = 0$ and simplify.
    have h_eq : ∀ x y : ℝ, a * x + b * y + c = 0 ↔ x * (j.val - 1) + y * ((σ j).val - 1) = j.val * (σ j).val - 1 := by
      intro x y; rw [ h_sol.1, h_sol.2 ];
      by_cases h : ( 1 - ( σ j : ℝ ) ) = 0 <;> simp_all ( config := { decide := Bool.true } ) [ field_simps ];
      constructor <;> intro <;> cases lt_or_gt_of_ne hb <;> nlinarith;
    exact?

/-
If a set of $n \ge 3$ sunny lines covers $S_n$, then the line covering $(1,1)$ must be $y=x$.
-
-/
lemma lem_kn_point_22 (n : ℕ) (hn : n ≥ 3)
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = n) (h_sunny : ∀ l ∈ L, Sunny l)
  (h_cover : ∀ p ∈ s n, ∃ l ∈ L, p ∈ l)
  (L1 : Set (ℝ × ℝ)) (h_L1_in : L1 ∈ L) (h_L1_covers_1_1 : ((1:ℝ), (1:ℝ)) ∈ L1) :
  L1 = {v | v.1 = v.2} := by
    -- By Lemma~\ref{lem:kn_setup}, the point $(2,2)$ must be covered by $L_1$.
    have h_cover_2_2 : ((2:ℝ), (2:ℝ)) ∈ L1 := by
      -- If $(2,2)$ is covered by some $l \in L \setminus \{L1\}$, then $(2,2)$ must be the unique point in $l$ that lies on the line $x=y$.
      by_contra h_contra
      obtain ⟨l, hlL, hl⟩ : ∃ l ∈ L \ {L1}, ((2:ℝ), (2:ℝ)) ∈ l := by
        norm_num +zetaDelta at *;
        exact Exists.elim ( h_cover 2 2 ⟨ 2, 2, by norm_num, by norm_num, by linarith, by norm_num ⟩ ) fun l hl => ⟨ l, ⟨ hl.1, by rintro rfl; exact h_contra hl.2 ⟩, hl.2 ⟩;
      bound;
      -- Since $l$ is sunny, it must intersect the line $x=1$ at exactly one point and the line $y=1$ at exactly one point.
      obtain ⟨j, hj⟩ : ∃ j : Finset.Icc (2:ℕ) L.card, ((1:ℝ), (j:ℝ)) ∈ l := by
        have h_inter_x1 : ∀ j ∈ Finset.Icc (2:ℕ) L.card, ∃ l ∈ L \ {L1}, ((1:ℝ), (j:ℝ)) ∈ l := by
          intro j hj;
          obtain ⟨ l, hlL, hl ⟩ := h_cover ( 1, j ) ⟨ 1, j, by norm_num, by linarith [ Finset.mem_Icc.mp hj ], by linarith [ Finset.mem_Icc.mp hj ], by norm_num ⟩;
          by_cases hlL1 : l = L1;
          · rcases h_sunny L1 h_L1_in with ⟨ a, b, c, rfl, ha, hb, hab ⟩;
            simp_all ( config := { decide := Bool.true } );
            -- Subtracting the second equation from the first gives b*(j-1) = 0. Since b ≠ 0, this implies j = 1, which contradicts hj.
            have h_contra : j = 1 := by
              exact_mod_cast ( mul_left_cancel₀ hb <| by linarith : ( j : ℝ ) = 1 );
            linarith;
          · exact ⟨ l, Finset.mem_sdiff.mpr ⟨ hlL, by aesop ⟩, hl ⟩;
        choose! f hf using h_inter_x1;
        have h_inter_x1 : Finset.image f (Finset.Icc (2:ℕ) L.card) = L \ {L1} := by
          apply Finset.eq_of_subset_of_card_le;
          · exact Finset.image_subset_iff.mpr fun x hx => hf x hx |>.1;
          · rw [ Finset.card_image_of_injOn ];
            · rw [ Finset.card_sdiff ] <;> aesop;
            · intros x hx y hy; have := hf x hx; have := hf y hy; aesop;
              cases h_sunny _ ( hf x left_1 right_1 |>.1.1 ) ; aesop;
              have := hf y left_2 right_2; aesop;
              exact_mod_cast ( mul_left_cancel₀ left_4 <| by linarith : ( x : ℝ ) = y );
        replace h_inter_x1 := Finset.ext_iff.mp h_inter_x1 l; aesop;
      obtain ⟨i, hi⟩ : ∃ i : Finset.Icc (2:ℕ) L.card, (((i:ℝ), (1:ℝ)) ∈ l) := by
        have := lem_kn_setup L.card hn L ( by linarith ) h_sunny h_cover;
        obtain ⟨ L1, hL1_in, hL1_covers_1_1, hL1_cover ⟩ := this;
        -- By hypothesis hL1_cover, there exists a unique q in PtsY such that q is in l. Since PtsY is the image of the function that maps i to (i, 1) for i in 2 to L.card, there must be some i in this range where (i, 1) is in l.
        obtain ⟨q, hq⟩ : ∃ q ∈ Finset.image (fun i : ℕ => ((i : ℝ), (1 : ℝ))) (Finset.Icc (2:ℕ) L.card), q ∈ l := by
          -- By hypothesis hL1_cover, there exists a unique q in PtsY such that q is in l. Since PtsY is the image of the function that maps i to (i, 1) for i in 2 to L.card, there must be some i in this range where (i, 1) is in l. Hence, we can conclude that such a q exists.
          specialize hL1_cover l (by
          norm_num +zetaDelta at *;
          bound;
          rcases h_sunny l left with ⟨ a, b, c, rfl, ha, hb, hab ⟩;
          norm_num at *;
          exact hab ( by nlinarith [ show ( val : ℝ ) ≥ 2 by norm_cast; linarith [ Finset.mem_Icc.mp property ] ] ));
          exact hL1_cover.2.exists;
        aesop;
      rcases h_sunny l ( Finset.mem_sdiff.mp hlL |>.1 ) with ⟨ a, b, c, rfl, ha, hb, hab ⟩;
      rcases j with ⟨ _ | _ | _ | j, hj ⟩ <;> rcases i with ⟨ _ | _ | _ | i, hi ⟩ <;> norm_num at *;
      all_goals simp_all ( config := { decide := Bool.true } );
      · exact hab ( by linarith );
      · exact ha ( by nlinarith );
      · exact hab ( by nlinarith );
      · by_cases h : j = i;
        · exact hab ( by subst h; nlinarith );
        · exact h ( Nat.cast_injective ( by cases lt_or_gt_of_ne ha <;> cases lt_or_gt_of_ne hb <;> cases lt_or_gt_of_ne hab <;> nlinarith : ( j : ℝ ) = i ) );
    -- Since L1 is a sunny line, it must be of the form ax + by + c = 0 where a and b are non-zero and a ≠ b. Given that (1,1) and (2,2) are on this line, we can derive that a = -b.
    obtain ⟨a, b, c, hL1_eq, ha, hb, hab⟩ := h_sunny L1 h_L1_in;
    simp_all ( config := { decide := Bool.true } );
    norm_num [ show a = -b by linarith ] at *;
    exact Set.ext fun x => by aesop; cases lt_or_gt_of_ne ha <;> nlinarith;

/-
Suppose a set of 4 sunny lines covers $S_4$. Then one line is $y=x$, and the other three lines $L_2, L_3, L_4$ are determined by a derangement $\sigma$ of $\{2,3,4\}$.
-
-/
lemma lem_kn_impossible_n4_setup
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = 4) (h_sunny : ∀ l ∈ L, Sunny l)
  (h_cover : ∀ p ∈ s 4, ∃ l ∈ L, p ∈ l) :
  ∃ (σ : Equiv.Perm {i // i ∈ Finset.Icc (2:ℕ) 4}) (h_derangement : ∀ j, σ j ≠ j),
    L = insert {v | v.1 = v.2}
      (Finset.image (fun j : {i // i ∈ Finset.Icc (2:ℕ) 4} =>
        { v | v.1 * ((j : ℝ) - 1) + v.2 * ((σ j : ℝ) - 1) = (j : ℝ) * (σ j : ℝ) - 1 }) Finset.univ) := by
          -- By Lemma~\ref{lem:kn_point_22}, the line covering $(1,1)$ must be $y=x$.
          obtain ⟨L1, hL1_in, hL1_covers_1_1⟩ : ∃ L1 ∈ L, ((1:ℝ), (1:ℝ)) ∈ L1 ∧ L1 = {v : ℝ × ℝ | v.1 = v.2} := by
            have := lem_kn_point_22 4 ( by norm_num ) L h_card h_sunny h_cover;
            obtain ⟨ L1, hL1 ⟩ := h_cover ( 1, 1 ) ⟨ 1, 1, by norm_num ⟩;
            -- Apply the lemma to conclude that L1 must be the line y=x.
            apply Exists.intro L1 ⟨hL1.left, hL1.right, this L1 hL1.left hL1.right⟩;
          -- Apply lem_kn_permutation_setup to obtain the permutation σ.
          obtain ⟨σ, hσ⟩ : ∃ σ : Equiv.Perm {i : ℕ // i ∈ Finset.Icc (2:ℕ) 4}, ∀ j : {i : ℕ // i ∈ Finset.Icc (2:ℕ) 4}, ∃! l ∈ L \ {L1}, ((1:ℝ), (j:ℝ)) ∈ l ∧ ((((σ j):ℕ):ℝ), (1:ℝ)) ∈ l := by
            apply lem_kn_permutation_setup;
            simp +zetaDelta at *;
            · exact h_card;
            · -- Apply the hypothesis that all lines in L are sunny.
              apply h_sunny;
            · assumption;
            · assumption;
            · exact hL1_covers_1_1.1;
          refine' ⟨ σ, _, _ ⟩;
          · -- By Lemma~\ref{lem:kn_derangement}, σ is a derangement, so σ(j) ≠ j for all j.
            intros j
            apply lem_kn_derangement;
            all_goals tauto;
          · have h_lines : ∀ j : Finset.Icc (2:ℕ) 4, let l := Classical.choose (hσ j).exists; l ∈ L ∧ l ≠ L1 ∧ ((1:ℝ), (j:ℝ)) ∈ l ∧ (((σ j):ℝ), (1:ℝ)) ∈ l ∧ l = {v : ℝ × ℝ | v.1 * ((j : ℝ) - 1) + v.2 * ((σ j : ℝ) - 1) = (j : ℝ) * (σ j : ℝ) - 1} := by
              -- By Lemma~\ref{lem:kn_line_equation}, the line $l$ must satisfy the equation $x(j-1) + y(\sigma(j)-1) = j\sigma(j)-1$.
              intros j
              set l := Classical.choose (hσ j).exists
              have hl : l ∈ L ∧ l ≠ L1 ∧ ((1:ℝ), (j:ℝ)) ∈ l ∧ (((σ j):ℝ), (1:ℝ)) ∈ l := by
                have := Classical.choose_spec ( hσ j |> ExistsUnique.exists ) ; aesop;
              have := lem_kn_line_equation 4 ( by norm_num ) L h_card h_sunny L1 hL1_in σ j l;
              simp +zetaDelta at *;
              exact ⟨ hl.1, hl.2.1, hl.2.2.1, hl.2.2.2, this hl.1 hl.2.1 hl.2.2.1 hl.2.2.2 ⟩;
            -- Let's denote the lines in $L$ that are not $L1$ as $L2$, $L3$, and $L4$.
            have h_lines_non_L1 : Finset.image (fun j : Finset.Icc (2:ℕ) 4 => Classical.choose (hσ j).exists) Finset.univ = L \ {L1} := by
              apply Finset.eq_of_subset_of_card_le;
              · simp_all ( config := { decide := Bool.true } ) [ Finset.image_subset_iff ];
                intro a b; specialize h_lines a b; aesop;
              · rw [ Finset.card_image_of_injective _ fun x y hxy => _ ];
                · rw [ Finset.card_sdiff ] <;> aesop;
                · bound;
                  have := Classical.choose_spec ( hσ ⟨ val, property ⟩ |> ExistsUnique.exists ) ; have := Classical.choose_spec ( hσ ⟨ val_1, property_1 ⟩ |> ExistsUnique.exists ) ; aesop;
                  cases h_sunny _ left ; aesop;
                  exact_mod_cast ( mul_left_cancel₀ left_4 <| by linarith : ( val : ℝ ) = val_1 );
            rw [ Finset.ext_iff ] at *;
            simp +zetaDelta at *;
            grind

/-
For $n=4$, it is impossible for a set of 4 sunny lines to cover $S_4$.
-
-/
lemma lem_kn_impossible_n4 :
  ¬ (∃ L : Finset (Set (ℝ × ℝ)), L.card = 4 ∧ (∀ l ∈ L, Sunny l) ∧ (∀ p ∈ s 4, ∃ l ∈ L, p ∈ l)) := by
    -- Apply the lemma that states any set of 4 sunny lines covering S_4 must be of the form described in Lemma~\ref{lem:kn_impossible_n4_setup}.
    have h_config : ∀ L : Finset (Set (ℝ × ℝ)), L.card = 4 → (∀ l ∈ L, Sunny l) → (∀ p ∈ s 4, ∃ l ∈ L, p ∈ l) → ∃ σ : Equiv.Perm {i // i ∈ Finset.Icc (2:ℕ) 4}, (∀ j, σ j ≠ j) ∧ L = insert {v | v.1 = v.2} (Finset.image (fun j : {i // i ∈ Finset.Icc (2:ℕ) 4} => { v | v.1 * ((j : ℝ) - 1) + v.2 * ((σ j : ℝ) - 1) = (j : ℝ) * (σ j : ℝ) - 1 }) Finset.univ) := by
      bound;
      -- Apply the lemma that states any set of 4 sunny lines covering S_4 must be of the form described in Lemma~\ref{lem:kn_impossible_n4_setup} to obtain the permutation σ.
      obtain ⟨σ, hσ⟩ := lem_kn_impossible_n4_setup L a a_1 a_2;
      use σ;
      exact ⟨ hσ.1, hσ.2 ⟩;
    intro h;
    -- Apply the lemma h_config to the set L from h to obtain the permutation σ and the structure of L.
    obtain ⟨L, hL_card, hL_sunny, hL_cover⟩ := h;
    obtain ⟨σ, hσ_derangement, hL_structure⟩ := h_config L hL_card hL_sunny hL_cover;
    subst hL_structure;
    fin_cases σ <;> simp ( config := { decide := Bool.true } ) at hσ_derangement hL_cover;
    · contrapose! hL_cover;
      refine' ⟨ 2, 3, _, _, _ ⟩ <;> norm_num;
      · exact ⟨ 2, 3, by norm_num ⟩;
      · rintro a x hx rfl; rcases hx with ⟨ hx₁, hx₂ ⟩ ; interval_cases x <;> norm_num [ Equiv.swap_apply_def ];
    · contrapose! hL_cover;
      refine' ⟨ 2, 3, _, _, _ ⟩ <;> norm_num;
      · exact ⟨ 2, 3, by norm_num ⟩;
      · rintro a x hx rfl; rcases hx with ⟨ hx₁, hx₂ ⟩ ; interval_cases x <;> norm_num [ Equiv.swap_apply_def ] ;

/-
Suppose for $n \ge 5$ a set of $n$ sunny lines covers $S_n$. Then the permutation $\sigma$ from Lemma~\ref{lem:kn_permutation_setup} must satisfy $\sigma(5)=3$ and $\sigma(3)=5$.
-
-/
lemma lem_kn_impossible_n_ge_5_point_coverage (n : ℕ) (hn : n ≥ 5)
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = n) (h_sunny : ∀ l ∈ L, Sunny l)
  (h_cover : ∀ p ∈ s n, ∃ l ∈ L, p ∈ l)
  (σ : Equiv.Perm {i // i ∈ Finset.Icc (2:ℕ) n})
  (h_sigma_prop : ∀ (j : {i // i ∈ Finset.Icc (2:ℕ) n}), ∃! l ∈ L \ {{v | v.1 = v.2}}, ((1:ℝ), (j:ℝ)) ∈ l ∧ ((((σ j):ℕ):ℝ), (1:ℝ)) ∈ l) :
  (∃ h5 : 5 ∈ Finset.Icc (2:ℕ) n, σ (⟨5, h5⟩) = ⟨3, by
    -- Since $n \geq 5$, we have $3 \leq n$.
    have h3_le_n : 3 ≤ n := by
      linarith;
    exact Finset.mem_Icc.mpr ⟨ by norm_num, h3_le_n ⟩⟩) ∧
  (∃ h3 : 3 ∈ Finset.Icc (2:ℕ) n, σ (⟨3, h3⟩) = ⟨5, by
    norm_num; linarith⟩) := by
    constructor;
    · -- The point $(2,3) \in S_n$ (since $2+3=5 \le n+1$). It is not on $y=x$. By Lemma~\ref{lem:kn_point_22}, $y=x$ is one of the lines. So $(2,3)$ must be on some $L_j$ for $j \in \{2,\dots,n\}$. From its equation in Lemma~\ref{lem:kn_line_equation}, we have $2(j-1)+3(\sigma(j)-1)=j\sigma(j)-1$, which gives $(j-3)(\sigma(j)-2)=2$. Since $j,\sigma(j) \in \{2,\dots,n\}$ and $\sigma(j) \ne j$, the only solution is $j-3=2, \sigma(j)-2=1$, which gives $j=5, \sigma(5)=3$. This requires $n \ge 5$.
      obtain ⟨l, hl⟩ : ∃ l ∈ L \ { {v : ℝ × ℝ | v.2 = v.1} }, ((2 : ℝ), (3 : ℝ)) ∈ l := by
        -- Since $(2, 3) \in s n$, by $h_cover$, there exists a line in $L$ that contains $(2, 3)$.
        obtain ⟨l, hl₁, hl₂⟩ : ∃ l ∈ L, ((2 : ℝ), (3 : ℝ)) ∈ l := by
          -- Since (2, 3) is in S_n, we can apply the coverage hypothesis h_cover to obtain the existence of a line in L that contains it.
          apply h_cover;
          exact ⟨ 2, 3, by norm_num, by norm_num, by linarith, by norm_num ⟩;
        norm_num +zetaDelta at *;
        exact ⟨ l, ⟨ hl₁, by rintro rfl; exact absurd hl₂ ( by norm_num ) ⟩, hl₂ ⟩;
      -- By Lemma~\ref{lem:kn_line_equation}, the line $l$ must be of the form $x(j-1) + y(\sigma(j)-1) = j\sigma(j)-1$ for some $j \in \{2, \dots, n\}$.
      obtain ⟨j, hj⟩ : ∃ j : Finset.Icc 2 n, l = {v : ℝ × ℝ | v.1 * ((j : ℝ) - 1) + v.2 * ((σ j : ℝ) - 1) = (j : ℝ) * (σ j : ℝ) - 1} := by
        -- By Lemma~\ref{lem:kn_line_equation}, the line $l$ must be of the form $x(j-1) + y(\sigma(j)-1) = j\sigma(j)-1$ for some $j \in \{2, \dots, n\}$. We can find such a $j$ using the properties of the lines in $L$.
        obtain ⟨j, hj⟩ : ∃ j : Finset.Icc 2 n, (1, (j : ℝ)) ∈ l ∧ (((σ j) : ℝ), (1 : ℝ)) ∈ l := by
          have h_line_eq : ∀ j : Finset.Icc 2 n, ∃ l ∈ L \ { {v : ℝ × ℝ | v.2 = v.1} }, ((1 : ℝ), (j : ℝ)) ∈ l ∧ (((σ j : ℝ), (1 : ℝ)) ∈ l) := by
            -- By hypothesis h_sigma_prop, for each j in Finset.Icc 2 n, there exists a unique line in L \ { {v | v.2 = v.1} } that contains (1, j) and (σ j, 1). Therefore, such a line exists for each j.
            intros j
            obtain ⟨l, hl⟩ := h_sigma_prop j
            use l;
            simp +zetaDelta at *;
            bound;
            simp +zetaDelta at *;
            norm_num [ left_2 ] at property;
          choose f hf using h_line_eq;
          have h_line_eq : Finset.image f Finset.univ = L \ { {v : ℝ × ℝ | v.2 = v.1} } := by
            apply Finset.eq_of_subset_of_card_le;
            · exact Finset.image_subset_iff.mpr fun j _ => hf j |>.1;
            · rw [ Finset.card_image_of_injective ];
              · rw [ Finset.card_sdiff ] <;> aesop;
                have := lem_kn_point_22 L.card ( by linarith ) L;
                simp +zetaDelta at *;
                specialize this h_sunny h_cover;
                obtain ⟨ l, hl₁, hl₂ ⟩ := h_cover 1 1 ⟨ 1, 1, by norm_num, by norm_num, by linarith, by norm_num ⟩;
                specialize this l hl₁ hl₂ ; aesop;
                simpa only [ Set.ext_iff, eq_comm ] using hl₁;
              · intros j j' hj;
                have := hf j; have := hf j'; aesop;
                cases h_sunny _ left_1 ; aesop;
                exact_mod_cast ( mul_left_cancel₀ left_5 <| by linarith : ( val : ℝ ) = val_1 );
          replace h_line_eq := Finset.ext_iff.mp h_line_eq l; aesop;
          exact ⟨ w, hf w ⟨ left_1, right_2 ⟩ |>.2.1, ⟨ left_1, right_2 ⟩, hf w ⟨ left_1, right_2 ⟩ |>.2.2 ⟩;
        use j;
        -- By Lemma~\ref{lem:kn_line_equation}, the line $l$ must satisfy the equation $x(j-1) + y(\sigma(j)-1) = j\sigma(j)-1$.
        apply lem_kn_line_equation;
        any_goals tauto;
        · grind;
        · have := lem_kn_point_22 n ( by linarith ) L h_card h_sunny h_cover;
          specialize h_cover ( 1, 1 ) ; aesop;
          specialize h_cover ⟨ 1, 1, by norm_num, by norm_num, by linarith, by norm_num ⟩ ; aesop;
          specialize this w left_2 right_3 ; aesop;
          convert left_2 using 1;
          exact Set.ext fun x => eq_comm;
      norm_num [ hj ] at hl;
      norm_cast at hl;
      -- From the equation $(j-3)(\sigma(j)-2)=2$, we can solve for $j$ and $\sigma(j)$.
      have h_solve : (j - 3 : ℤ) * (σ j - 2 : ℤ) = 2 := by
        norm_num [ Int.subNatNat_eq_coe ] at hl; linarith;
      have : ( j : ℤ ) - 3 ∣ 2 := h_solve ▸ dvd_mul_right _ _;
      have : ( j : ℤ ) - 3 ≤ 2 := Int.le_of_dvd ( by norm_num ) this; ( have : ( j : ℤ ) - 3 ≥ -2 := neg_le_of_abs_le ( Int.le_of_dvd ( by norm_num ) ( by rwa [ abs_dvd ] ) ) ; interval_cases _ : ( j : ℤ ) - 3 <;> simp_all ( config := { decide := Bool.true } ) );
      · linarith [ Finset.mem_Icc.mp ( σ j |>.2 ) ];
      · exact absurd h_solve ( by linarith [ Finset.mem_Icc.mp ( σ j |>.2 ) ] );
      · norm_num [ show ( j : ℕ ) = 4 by linarith ] at *;
        norm_num [ show ( σ j : ℕ ) = 4 by linarith ] at *;
        norm_num [ Int.subNatNat ] at hl;
        exact absurd ( h_sunny _ hl.1 ) ( by rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩ ; rw [ Set.ext_iff ] at h₁ ; have h₅ := h₁ ( 0, 5 ) ; have h₆ := h₁ ( 5, 0 ) ; have h₇ := h₁ ( 1, 4 ) ; have h₈ := h₁ ( 4, 1 ) ; norm_num at h₅ h₆ h₇ h₈ ; cases lt_or_gt_of_ne h₂ <;> cases lt_or_gt_of_ne h₃ <;> cases lt_or_gt_of_ne h₄ <;> linarith );
      · simp_all ( config := { decide := Bool.true } ) [ sub_eq_iff_eq_add ]
        generalize_proofs at *;
        norm_cast at *;
        exact Subtype.eq ( by aesop );
    · -- By Lemma~\ref{lem:kn_point_22}, $y=x$ is one of the lines. So $(3,2)$ must be on some $L_i$. This gives $3(i-1)+2(\sigma(i)-1)=i\sigma(i)-1$, which yields $(i-2)(\sigma(i)-3)=2$.
      obtain ⟨i, hi⟩ : ∃ i : Finset.Icc (2 : ℕ) n, (3 : ℝ) * ((i : ℝ) - 1) + 2 * ((σ i : ℝ) - 1) = (i : ℝ) * (σ i : ℝ) - 1 := by
        field_simp;
        -- Since $(3, 2) \in s_n$, there must be a line in $L$ that contains this point.
        obtain ⟨l, hl⟩ : ∃ l ∈ L, (3, 2) ∈ l := by
          exact h_cover _ ⟨ 3, 2, by norm_num, by norm_num, by linarith, by norm_num ⟩;
        by_cases hl_eq : l = {v : ℝ × ℝ | v.2 = v.1};
        · norm_num [ hl_eq ] at hl;
        · obtain ⟨j, hj⟩ : ∃ j : Finset.Icc (2 : ℕ) n, l ∈ L \ { {v : ℝ × ℝ | v.2 = v.1} } ∧ (1, (j : ℝ)) ∈ l ∧ ((σ j : ℝ), 1) ∈ l := by
            have h_image : Finset.image (fun j : Finset.Icc (2 : ℕ) n => Classical.choose (h_sigma_prop j)) Finset.univ = L \ { {v : ℝ × ℝ | v.2 = v.1} } := by
              apply Finset.eq_of_subset_of_card_le;
              · -- By definition of $h_sigma_prop$, each chosen line is in $L \setminus \{ {v | v.2 = v.1} \}$.
                intros l hl
                obtain ⟨j, hj⟩ := Finset.mem_image.mp hl
                have h_line_in_L : Classical.choose (h_sigma_prop j) ∈ L \ { {v : ℝ × ℝ | v.2 = v.1} } := by
                  bound;
                  have := Classical.choose_spec ( h_sigma_prop ⟨ val, property ⟩ );
                  simpa [ eq_comm ] using this.1.1;
                aesop;
              · rw [ Finset.card_image_of_injective ];
                · rw [ Finset.card_sdiff ] <;> aesop;
                  have := lem_kn_point_22 L.card ( by linarith ) L;
                  contrapose! this;
                  have := lem_kn_setup L.card ( by linarith ) L;
                  norm_num +zetaDelta at *;
                  -- Since $L1$ is in $L$ and $y=x$ is not in $L$, $L1$ cannot be $y=x$.
                  obtain ⟨L1, hL1_in, hL1_cover⟩ := this h_sunny h_cover;
                  have hL1_ne_yx : L1 ≠ {v : ℝ × ℝ | v.2 = v.1} := by
                    grind;
                  exact ⟨ h_sunny, h_cover, L1, hL1_in, hL1_cover.1, by simpa [ eq_comm ] using hL1_ne_yx ⟩;
                · intros j j' hj;
                  simp +zetaDelta at *;
                  have := Classical.choose_spec ( h_sigma_prop j ) |>.1; have := Classical.choose_spec ( h_sigma_prop j' ) |>.1; aesop;
                  cases h_sunny _ left_2 ; aesop;
                  exact_mod_cast ( mul_left_cancel₀ left_5 <| by linarith : ( val : ℝ ) = val_1 );
            -- Since $l \in L \setminus \{ {v | v.2 = v.1} \}$, by the definition of image, there exists a $j$ such that $l = \text{Classical.choose}(\text{h_sigma_prop}(j))$.
            obtain ⟨j, hj⟩ : ∃ j : Finset.Icc (2 : ℕ) n, l = Classical.choose (h_sigma_prop j) := by
              replace h_image := Finset.ext_iff.mp h_image l; aesop;
            -- By definition of choose, the chosen l for j is in L \ { {v | v.2 = v.1} } and contains the required points.
            use j;
            have := Classical.choose_spec ( h_sigma_prop j );
            simp +zetaDelta at *;
            grind;
          use j.val;
          simp +zetaDelta at *;
          cases h_sunny l hl.1 ; aesop;
          · exact Finset.mem_Icc.mp property |>.1;
          · linarith [ Finset.mem_Icc.mp property ];
          · cases lt_or_gt_of_ne left_1 <;> cases lt_or_gt_of_ne left_3 <;> nlinarith;
      have h_sigma_3 : i.val = 3 ∧ (σ i).val = 5 := by
        norm_cast at hi;
        norm_num [ Int.subNatNat_eq_coe ] at hi;
        have h_i_sigma_i : (i.val - 2) * ((σ i).val - 3) = 2 := by
          rw [ Nat.mul_sub_left_distrib, Nat.mul_sub_right_distrib ];
          exact Nat.sub_eq_of_eq_add <| Nat.sub_eq_of_eq_add <| by nlinarith only [ hi, Nat.sub_add_cancel <| show 2 ≤ ( i : ℕ ) from Finset.mem_Icc.mp i.2 |>.1, Nat.sub_add_cancel <| show 2 ≤ ( σ i : ℕ ) from Finset.mem_Icc.mp ( σ i |>.2 ) |>.1 ] ;
        rcases x : ( i : ℕ ) - 2 with ( _ | _ | x ) <;> rcases y : ( σ i : ℕ ) - 3 with ( _ | _ | y ) <;> simp_all ( config := { decide := Bool.true } );
        · exact ⟨ by omega, by omega ⟩;
        · rw [ Nat.sub_eq_iff_eq_add ] at x y <;> aesop;
          · have := h_sigma_prop 4 ( by norm_num; linarith );
            obtain ⟨ l, hl₁, hl₂ ⟩ := this;
            obtain ⟨ a, b, c, rfl, ha, hb, hab ⟩ := h_sunny l hl₁.1.1;
            norm_num [ y ] at hl₁;
            exact hab ( by linarith );
          · omega;
          · exact Finset.mem_Icc.mp property |>.1;
        · nlinarith only [ h_i_sigma_i ];
      bound

/-
For $n \ge 5$, it is impossible for a set of $n$ sunny lines to cover $S_n$.
-
-/
lemma lem_kn_impossible_n_ge_5 (n : ℕ) (hn : n ≥ 5) :
  ¬ (∃ L : Finset (Set (ℝ × ℝ)), L.card = n ∧ (∀ l ∈ L, Sunny l) ∧ (∀ p ∈ s n, ∃ l ∈ L, p ∈ l)) := by
    intro h;
    obtain ⟨ L, hL₁, hL₂, hL₃ ⟩ := h;
    -- Obtain the permutation σ from Lemma~\ref{lem:kn_permutation_setup}.
    obtain ⟨σ, hσ_prop⟩ : ∃ σ : Equiv.Perm {i : ℕ // i ∈ Finset.Icc (2:ℕ) n}, (∀ j : {i : ℕ // i ∈ Finset.Icc (2:ℕ) n}, ∃! l ∈ L \ { {v : ℝ × ℝ | v.1 = v.2} }, ((1:ℝ), (j:ℝ)) ∈ l ∧ ((((σ j):ℕ):ℝ), (1:ℝ)) ∈ l) := by
      -- By Lemma~\ref{lem:kn_permutation_setup}, there exists a permutation σ of {2, ..., n} such that for each j, there's a unique line in L \ { {v | v.1 = v.2} } covering (1, j) and (σ(j), 1).
      apply lem_kn_permutation_setup n (by linarith) L hL₁ hL₂ hL₃;
      · have := lem_kn_point_22 n ( by linarith ) L hL₁ hL₂ hL₃;
        obtain ⟨ l, hl₁, hl₂ ⟩ := hL₃ ( 1, 1 ) ⟨ 1, 1, by norm_num, by norm_num, by linarith, by norm_num ⟩;
        grind;
      · -- Since 1 equals 1, the point (1, 1) is in the set {v | v.1 = v.2}.
        simp;
    -- By Lemma~\ref{lem:kn_impossible_n_ge_5_point_coverage}, we have σ(5)=3 and σ(3)=5.
    have hσ_5_3 : σ ⟨5, by
      -- Since $n \geq 5$, we have $5 \in [2, n]$.
      exact Finset.mem_Icc.mpr ⟨by linarith, by linarith⟩⟩ = ⟨3, by
      norm_num; linarith⟩ := by
      -- Apply the lemma lem_kn_impossible_n_ge_5_point_coverage to obtain σ(5) = 3.
      apply (lem_kn_impossible_n_ge_5_point_coverage n hn L hL₁ hL₂ hL₃ σ hσ_prop).left.choose_spec
    have hσ_3_5 : σ ⟨3, by
      norm_num; linarith⟩ = ⟨5, by
      norm_num; linarith⟩ := by
      have := lem_kn_impossible_n_ge_5_point_coverage n hn L hL₁ hL₂ hL₃ σ hσ_prop;
      aesop;
    -- Consider the point $(2,4) \in S_n$ (since $2+4=6 \le n+1$). It is not on $y=x$, so it must be on some $L_j$ for $j \in \{2, \dots, n\}$.
    have h_point_2_4 : ∃ j : { i : ℕ // i ∈ Finset.Icc 2 n }, ∃ l ∈ L \ { {v : ℝ × ℝ | v.1 = v.2} }, ((2:ℝ), (4:ℝ)) ∈ l ∧ ((1:ℝ), (j:ℝ)) ∈ l ∧ ((((σ j):ℕ):ℝ), (1:ℝ)) ∈ l := by
      obtain ⟨ l, hl₁, hl₂ ⟩ := hL₃ ( 2, 4 ) ⟨ 2, 4, by norm_num, by norm_num, by linarith, by norm_num ⟩;
      obtain ⟨j, hj⟩ : ∃ j : { i : ℕ // i ∈ Finset.Icc 2 n }, l = Classical.choose (hσ_prop j) := by
        have h_cover : Finset.image (fun j : { i : ℕ // i ∈ Finset.Icc 2 n } => Classical.choose (hσ_prop j)) Finset.univ = L \ { {v : ℝ × ℝ | v.1 = v.2} } := by
          apply Finset.eq_of_subset_of_card_le;
          · exact Finset.image_subset_iff.mpr fun j _ => Classical.choose_spec ( hσ_prop j ) |>.1.1;
          · rw [ Finset.card_image_of_injective ];
            · rw [ Finset.card_sdiff ] <;> aesop
              generalize_proofs at *;
              have := lem_kn_point_22 L.card ( by linarith ) L ( by aesop ) ( by aesop );
              -- By hypothesis hL₃, there exists a line L1 in L that contains (1,1).
              obtain ⟨L1, hL1₁, hL1₂⟩ : ∃ L1 ∈ L, ((1:ℝ), (1:ℝ)) ∈ L1 := by
                exact hL₃ 1 1 ⟨ 1, 1, by norm_num, by norm_num, by linarith, by norm_num ⟩;
              grind;
            · intro j j' hj;
              -- If the chosen lines for j and j' are the same, then the lines corresponding to j and j' must be the same. But since each line is uniquely determined by j, this can only happen if j = j'.
              have h_unique : ∀ j j' : { i : ℕ // i ∈ Finset.Icc 2 n }, Classical.choose (hσ_prop j) = Classical.choose (hσ_prop j') → j = j' := by
                intros j j' hj
                have h_unique : ∀ l ∈ L \ { {v : ℝ × ℝ | v.1 = v.2} }, ∀ j j' : { i : ℕ // i ∈ Finset.Icc 2 n }, (1, (j : ℝ)) ∈ l → (1, (j' : ℝ)) ∈ l → j = j' := by
                  intros l hl j j' hj hj';
                  obtain ⟨ a, b, c, rfl, ha, hb, hab ⟩ := hL₂ l ( Finset.mem_sdiff.mp hl |>.1 );
                  simp +zetaDelta at *;
                  exact Subtype.eq ( Nat.cast_injective ( mul_left_cancel₀ hb <| by linarith : ( j : ℝ ) = j' ) );
                exact h_unique _ ( Classical.choose_spec ( hσ_prop j ) |>.1.1 ) _ _ ( Classical.choose_spec ( hσ_prop j ) |>.1.2.1 ) ( hj ▸ Classical.choose_spec ( hσ_prop j' ) |>.1.2.1 );
              exact h_unique j j' hj;
        -- Since $l$ is in $L \setminus \{ {v | v.1 = v.2} \}$, by the definition of image, there must exist a $j$ such that $l$ is the chosen line for $j$.
        have hl_in_image : l ∈ Finset.image (fun j : { i : ℕ // i ∈ Finset.Icc 2 n } => Classical.choose (hσ_prop j)) Finset.univ := by
          replace h_cover := Finset.ext_iff.mp h_cover l; aesop;
        simpa [ eq_comm ] using Finset.mem_image.mp hl_in_image;
      use j;
      have := Classical.choose_spec ( hσ_prop j );
      exact ⟨ _, this.1.1, hj ▸ hl₂, this.1.2.1, this.1.2.2 ⟩;
    bound;
    -- Substitute the points into the line equation and derive a contradiction.
    have h_line_eq : 2 * (val - 1) + 4 * ((σ ⟨val, property⟩ : ℕ) - 1) = val * (σ ⟨val, property⟩ : ℕ) - 1 := by
      rcases hL₂ w ( Finset.mem_sdiff.mp left |>.1 ) with ⟨ a, b, c, rfl, ha, hb, hab ⟩;
      rcases val with ( _ | _ | val ) <;> norm_num at *;
      · norm_num at property;
      · norm_num at property;
      · rw [ ← @Nat.cast_inj ℝ ] ; norm_num
        generalize_proofs at *;
        rw [ Nat.cast_sub, Nat.cast_sub ] <;> push_cast;
        · cases lt_or_gt_of_ne ha <;> cases lt_or_gt_of_ne hb <;> nlinarith;
        · exact Nat.one_le_iff_ne_zero.mpr ( mul_ne_zero ( by linarith ) ( by linarith [ Finset.mem_Icc.mp ( σ ⟨ val + 1 + 1, property ⟩ |>.2 ) ] ) );
        · exact Finset.mem_Icc.mp ( σ ⟨ val + 1 + 1, property ⟩ |>.2 ) |>.1.trans' ( by norm_num );
    rcases val with ( _ | _ | val ) <;> norm_num at *;
    · norm_num at property;
    · norm_num at property;
    · rcases x : σ ⟨ val + 1 + 1, property ⟩ with ( _ | _ | _ | _ | _ | _ | k ) <;> simp_all +arith +decide;
      · have := σ.injective ( x.trans hσ_5_3.symm ) ; simp_all ( config := { decide := Bool.true } );
      · omega;
      · norm_num [ show val = 3 by linarith ] at *
        generalize_proofs at *;
        aesop;
      · rw [ eq_tsub_iff_add_eq_of_le ] at h_line_eq;
        · rcases k with ( _ | _ | k ) <;> repeat rcases val with ( _ | _ | val ) <;> try nlinarith only [ h_line_eq ] ;
        · nlinarith only

/-
It is impossible for a set of $n$ sunny lines to cover $S_n$ for any $n \ge 4$.
-
-/
lemma lem_kn_impossible (n : ℕ) (hn : n ≥ 4) :
  ¬ (∃ L : Finset (Set (ℝ × ℝ)), L.card = n ∧ (∀ l ∈ L, Sunny l) ∧ (∀ p ∈ s n, ∃ l ∈ L, p ∈ l)) := by
    -- Split into two cases: n=4 and n≥5.
    by_cases hn4 : n = 4;
    · -- Since we have hn4 : n = 4, we can use this to rewrite the goal in terms of n=4.
      rw [hn4];
      exact?;
    · -- Apply the lemma lem_kn_impossible_n_ge_5 to the current case.
      apply lem_kn_impossible_n_ge_5 n (by
      exact hn.lt_of_ne' hn4)

/-
For any integer $n \ge 3$, it is impossible to have a configuration with $k \ge 4$ sunny lines.
-
-/
lemma lem_k_ge_4_impossible (n k : ℕ) (hn : n ≥ 3) (hk : k ≥ 4) :
  ¬ (∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = n ∧
    (∀ p ∈ s n, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = k) := by
      -- By induction on $n$, we can conclude that for all $n \geq 3$, it is impossible to have a configuration with $k \geq 4$ sunny lines.
      induction' n, Nat.succ_le.mpr hn using Nat.le_induction with n ih;
      · -- Apply the reduction lemma to the assumed configuration with k=4 for n=3.
        by_contra h_contra
        obtain ⟨lines, hlines⟩ := h_contra;
        simp +zetaDelta at *;
        linarith [ show ( Finset.filter Sunny lines ).card ≤ 3 by exact hlines.2.1 ▸ Finset.card_filter_le _ _ ];
      · -- Apply Lemma~\ref{lem:reduction} to the assumed configuration for $n+1$.
        intro h
        obtain ⟨lines, hlines⟩ := h;
        by_cases h_non_sunny : ∃ l ∈ lines, ¬Sunny l ∧ (l = {v : ℝ × ℝ | v.1 = (1:ℝ)} ∨ l = {v : ℝ × ℝ | v.2 = (1:ℝ)} ∨ l = {v : ℝ × ℝ | v.1 + v.2 = (n + 2 : ℝ)});
        · -- Apply the reduction lemma to the current configuration, using the non-sunny line identified in h_non_sunny.
          obtain ⟨lines', hlines'⟩ := lem_reduction (n + 1) k (by linarith) ⟨lines, hlines.1, hlines.2.1, hlines.2.2.1, hlines.2.2.2, by
            bound;
            · exact Or.inl left_2;
            · exact Or.inr <| Or.inl left_2;
            · exact Or.inr <| Or.inr <| by convert left_2 using 1; push_cast; ring;⟩;
          exact ‹n ≥ 3 → ¬∃ lines : Finset ( Set ( ℝ × ℝ ) ), ( ∀ line ∈ lines, ∃ a b c : ℝ, ¬ ( a = 0 ∧ b = 0 ) ∧ line = { v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0 } ) ∧ lines.card = n ∧ ( ∀ p ∈ s n, ∃ l ∈ lines, p ∈ l ) ∧ ( Finset.filter Sunny lines ).card = k› ih ⟨ lines', hlines'.1, hlines'.2.1, hlines'.2.2.1, hlines'.2.2.2 ⟩;
        · by_cases h_boundary : {v : ℝ × ℝ | v.1 = (1:ℝ)} ∈ lines ∨ {v : ℝ × ℝ | v.2 = (1:ℝ)} ∈ lines ∨ {v : ℝ × ℝ | v.1 + v.2 = (n + 2 : ℝ)} ∈ lines;
          · norm_num +zetaDelta at *;
            rcases h_boundary with ( h | h | h );
            · specialize h_non_sunny _ h;
              norm_num at h_non_sunny;
              obtain ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩ := h_non_sunny;
              norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
              exact h₃ ( by linarith [ h₁.1 1 0 rfl, h₁.1 1 1 rfl ] );
            · have h_non_sunny_y1 : ¬Sunny {v : ℝ × ℝ | v.2 = 1} := by
                rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
                norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
                exact h₂ ( by linarith [ h₁.1 0, h₁.1 1 ] );
              exact h_non_sunny _ h h_non_sunny_y1 |>.2.1 rfl;
            · specialize h_non_sunny _ h;
              norm_num +zetaDelta at *;
              obtain ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩ := h_non_sunny;
              norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
              exact h₄ ( by linarith [ h₁.1 ( n + 2 ) 0 ( by ring ), h₁.1 ( n + 1 ) 1 ( by ring ), h₁.1 ( n ) 2 ( by ring ) ] );
          · have h_all_sunny : ∀ l ∈ lines, Sunny l := by
              intros l hl;
              contrapose! h_non_sunny;
              use l;
              bound;
              have := lem_boundary_lines_implication ( n + 1 ) ( by linarith ) lines;
              norm_num +zetaDelta at *;
              exact absurd ( this left_1 left left_2 h_boundary.1 h_boundary.2.1 ( mod_cast h_boundary.2.2 ) l hl ) h_non_sunny;
            have := lem_kn_impossible ( n + 1 ) ( by linarith );
            exact this ⟨ lines, hlines.2.1, h_all_sunny, hlines.2.2.1 ⟩

/-
For $n=3$, it is impossible to have a configuration with $k=2$ sunny lines.
-
-/
lemma lem_k2_impossible_n3 :
  ¬ (∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = 3 ∧
    (∀ p ∈ s 3, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = 2) := by
      -- Assume that there are two sunny lines, L1 and L2, and a third line, L3, that covers the remaining points.
      intro h
      obtain ⟨lines, hlines⟩ := h
      obtain ⟨L1, L2, L3, hL1, hL2, hL3, h_cover⟩ : ∃ L1 L2 L3 : Set (ℝ × ℝ), L1 ∈ lines ∧ L2 ∈ lines ∧ L3 ∈ lines ∧ L1 ≠ L2 ∧ L1 ≠ L3 ∧ L2 ≠ L3 ∧ Sunny L1 ∧ Sunny L2 ∧ ¬Sunny L3 ∧ (∀ p ∈ s 3, p ∈ L1 ∨ p ∈ L2 ∨ p ∈ L3) := by
        -- Since there are exactly 2 sunny lines, there must be exactly 1 non-sunny line.
        obtain ⟨L3, hL3⟩ : ∃ L3 : Set (ℝ × ℝ), L3 ∈ lines ∧ ¬Sunny L3 := by
          contrapose! hlines;
          rw [ Finset.filter_true_of_mem hlines ] ; aesop;
        -- Since there are exactly 2 sunny lines, we can obtain them from the filter.
        obtain ⟨L1, L2, hL1, hL2, hL_distinct⟩ : ∃ L1 L2 : Set (ℝ × ℝ), L1 ∈ lines ∧ L2 ∈ lines ∧ L1 ≠ L2 ∧ Sunny L1 ∧ Sunny L2 ∧ L1 ≠ L3 ∧ L2 ≠ L3 := by
          obtain ⟨ L1, hL1, L2, hL2, hne ⟩ := Finset.one_lt_card.1 ( by linarith : 1 < Finset.card ( Finset.filter Sunny lines ) ) ; use L1, L2; aesop;
        have := Finset.eq_of_subset_of_card_le ( show { L1, L2, L3 } ⊆ lines from by intros x hx; aesop ) ; aesop;
      -- Since $L3$ is not sunny, it must be of the form $x=c$, $y=c$, or $x+y=c$ for some constant $c$.
      obtain (hL3_x | hL3_y | hL3_xy) : (∃ c : ℝ, L3 = {v : ℝ × ℝ | v.1 = c}) ∨ (∃ c : ℝ, L3 = {v : ℝ × ℝ | v.2 = c}) ∨ (∃ c : ℝ, L3 = {v : ℝ × ℝ | v.1 + v.2 = c}) := by
        -- Since $L3$ is not sunny, by the lemma lem_non_sunny_form, it must be of the form $x=c$, $y=c$, or $x+y=c$.
        apply (lem_non_sunny_form L3 (by
        exact hlines.1 L3 hL3)).mp;
        exact ⟨ hlines.1 L3 hL3, h_cover.2.2.2.2.2.1 ⟩;
      · -- If $L3$ is of the form $x = c$, then it can only cover points where the $x$-coordinate is $c$. However, since $c$ is a constant, it cannot cover all three points in $s 3$.
        obtain ⟨c, hc⟩ := hL3_x
        have h_cover_x : ∀ p ∈ ({(1,1), (1,2), (1,3), (2,1), (2,2), (3,1)} : Set (ℝ × ℝ)), p ∈ L1 ∨ p ∈ L2 ∨ p ∈ L3 := by
          bound;
          exact right_1 _ ⟨ Nat.floor fst, Nat.floor snd, by rcases a with ( ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ ) <;> norm_num, by rcases a with ( ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ ) <;> norm_num, by rcases a with ( ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ ) <;> norm_num, by rcases a with ( ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ ) <;> norm_num ⟩;
        rcases h_cover.2.2.2.1 with ⟨ a, b, c, rfl, ha, hb, hab ⟩ ; rcases h_cover.2.2.2.2.1 with ⟨ d, e, f, rfl, hd, he, hde ⟩ ; norm_num [ hc ] at *;
        rcases h_cover_x.1 with h | h | rfl;
        · simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
          bound;
          any_goals contrapose! hde; linarith;
          exact hd ( by linarith );
        · simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
          bound;
          any_goals contrapose! hab; linarith;
          exact ha ( by linarith );
        · norm_num at *;
          bound;
      · obtain ⟨ c, rfl ⟩ := hL3_y;
        -- Let's consider the points $(1,1)$, $(1,2)$, $(1,3)$, $(2,1)$, $(2,2)$, $(3,1)$ and see which ones are covered by the lines $L1$ and $L2$.
        have h_points : ∀ p ∈ ({(1,1), (1,2), (1,3), (2,1), (2,2), (3,1)} : Set (ℝ × ℝ)), p ∈ L1 ∨ p ∈ L2 ∨ p ∈ {v : ℝ × ℝ | v.2 = c} := by
          exact fun p hp => h_cover.2.2.2.2.2.2 p <| by rcases hp with ( rfl | rfl | rfl | rfl | rfl | rfl ) <;> [ exact ⟨ 1, 1, by norm_num ⟩ ; exact ⟨ 1, 2, by norm_num ⟩ ; exact ⟨ 1, 3, by norm_num ⟩ ; exact ⟨ 2, 1, by norm_num ⟩ ; exact ⟨ 2, 2, by norm_num ⟩ ; exact ⟨ 3, 1, by norm_num ⟩ ] ;
        rcases h_cover.2.2.2.1 with ⟨ a, b, c, rfl, ha, hb, hab ⟩ ; rcases h_cover.2.2.2.2.1 with ⟨ d, e, f, rfl, hd, he, hde ⟩ ; norm_num at *;
        rcases h_points.1 with h | h | rfl;
        · simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
          bound;
          any_goals contrapose! hde; linarith;
          grind +ring;
        · simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
          bound;
          any_goals contrapose! hab; linarith;
          grind +ring;
        · norm_num at *;
          bound;
      · obtain ⟨ c, rfl ⟩ := hL3_xy;
        -- Let's consider the points in $s_3$ and see which ones can be covered by the sunny lines $L1$ and $L2$.
        have h_points : ∀ p ∈ ({(1,1), (1,2), (1,3), (2,1), (2,2), (3,1)} : Set (ℝ × ℝ)), p ∈ L1 ∨ p ∈ L2 ∨ p ∈ {v : ℝ × ℝ | v.1 + v.2 = c} := by
          exact fun p hp => h_cover.2.2.2.2.2.2 p <| by rcases hp with ( rfl | rfl | rfl | rfl | rfl | rfl ) <;> [ exact ⟨ 1, 1, by norm_num ⟩ ; exact ⟨ 1, 2, by norm_num ⟩ ; exact ⟨ 1, 3, by norm_num ⟩ ; exact ⟨ 2, 1, by norm_num ⟩ ; exact ⟨ 2, 2, by norm_num ⟩ ; exact ⟨ 3, 1, by norm_num ⟩ ] ;
        rcases h_cover.2.2.2.1 with ⟨ a, b, c, rfl, ha, hb, hab ⟩ ; rcases h_cover.2.2.2.2.1 with ⟨ d, e, f, rfl, hd, he, hde ⟩ ; norm_num at *;
        rcases h_points.1 with h | h | rfl;
        · simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
          bound;
          all_goals contrapose! hde; linarith;
        · simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
          bound;
          all_goals contrapose! hab; linarith;
        · norm_num at *;
          bound;
          any_goals contrapose! hde; linarith;
          all_goals contrapose! hab; linarith

/-
For any integer $n \ge 3$, it is impossible to have a configuration with $k=2$ sunny lines.
-
-/
lemma lem_k2_impossible (n : ℕ) (hn : n ≥ 3) :
  ¬ (∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = n ∧
    (∀ p ∈ s n, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = 2) := by
      -- Assume for contradiction that there exists a configuration with $k=2$ sunny lines.
      by_contra h_contra;
      -- By Lemma~\ref{lem:reduction}, if there exists a configuration with $k=2$ for $n \geq 4$, then there exists a configuration with $k=2$ for $n-1$.
      have h_reduction : ∀ n ≥ 4, (∃ lines : Finset (Set (ℝ × ℝ)), (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = {v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0}) ∧ lines.card = n ∧ (∀ p ∈ s n, ∃ l ∈ lines, p ∈ l) ∧ (Finset.filter Sunny lines).card = 2) → (∃ lines : Finset (Set (ℝ × ℝ)), (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = {v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0}) ∧ lines.card = n - 1 ∧ (∀ p ∈ s (n - 1), ∃ l ∈ lines, p ∈ l) ∧ (Finset.filter Sunny lines).card = 2) := by
        -- Apply Lemma~\ref{lem:reduction} to the given configuration for $n \geq 4$.
        intros n hn h_config
        obtain ⟨lines, hlines⟩ := h_config;
        by_cases h_boundary : {v : ℝ × ℝ | v.1 = (1:ℝ)} ∈ lines ∨ {v : ℝ × ℝ | v.2 = (1:ℝ)} ∈ lines ∨ {v : ℝ × ℝ | v.1 + v.2 = (n + 1 : ℝ)} ∈ lines;
        · have := lem_reduction n 2 ( by linarith );
          exact this ⟨ lines, hlines.1, hlines.2.1, hlines.2.2.1, hlines.2.2.2, h_boundary ⟩;
        · have := lem_boundary_lines_implication n ( by linarith ) lines;
          simp_all ( config := { decide := Bool.true } );
          exact absurd hlines.2.2.2 ( by rw [ Finset.filter_true_of_mem this ] ; linarith );
      -- By repeatedly applying the reduction lemma, we can reduce the problem to the case where $n=3$.
      have h_reduction_to_3 : ∀ n ≥ 4, (∃ lines : Finset (Set (ℝ × ℝ)), (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = {v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0}) ∧ lines.card = n ∧ (∀ p ∈ s n, ∃ l ∈ lines, p ∈ l) ∧ (Finset.filter Sunny lines).card = 2) → (∃ lines : Finset (Set (ℝ × ℝ)), (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = {v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0}) ∧ lines.card = 3 ∧ (∀ p ∈ s 3, ∃ l ∈ lines, p ∈ l) ∧ (Finset.filter Sunny lines).card = 2) := by
        intro n hn h;
        induction' hn with n hn ih;
        · exact h_reduction 4 ( by norm_num ) h;
        · exact ih ( h_reduction _ ( Nat.le_succ_of_le hn ) h );
      by_cases hn4 : n ≥ 4;
      · exact lem_k2_impossible_n3 ( h_reduction_to_3 n hn4 h_contra );
      · exact lem_k2_impossible_n3 ( by interval_cases n ; exact h_contra )

/-
A line in the plane is called sunny if it is not parallel to any of the $x$-axis, the $y$-axis, and the line $x+y=0$.
Let $n \geqslant 3$ be a given integer. Determine all nonnegative integers $k$ such that there exist $n$ distinct lines in the plane satisfying both of the following:
- for all positive integers $a$ and $b$ with $a+b \leqslant n+1$, the point $(a, b)$ is on at least one of the lines; and
- exactly $k$ of the $n$ lines are sunny.
-/
theorem main_theorem
  (n : ℕ)
  (hn : n ≥ 3) :
  {0, 1, 3} = { k | ∃ lines : Finset (Set (ℝ × ℝ)),
      (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0 }) ∧
      lines.card = n ∧
      (∀ a b : ℕ, 0 < a ∧ 0 < b ∧ a + b ≤ n + 1 → ∃ (l : Set (ℝ × ℝ)), l ∈ lines ∧ ((a : ℝ), (b : ℝ)) ∈ l) ∧
      ((lines.filter (fun l => ∃ a b c, l = { v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0 } ∧ a ≠ 0 ∧ b ≠ 0 ∧ a ≠ b)).card = k) } := by
        ext k;
        -- For the forward direction, if k is 0, 1, or 3, then by the lemmas we have, there exists such a set of lines.
        apply Iff.intro;
        · simp +zetaDelta at *;
          -- For each case, we can apply the corresponding lemma to construct the required set of lines.
          intro hk
          cases' hk with hk0 hk1 hk3;
          · convert lem_k0_possible n hn;
            · aesop;
            · -- By definition of $s$, if $(a, b) \in s n$, then there exist $a$ and $b$ such that $0 < a$, $0 < b$, $a + b \leq n + 1$, and $(a, b) = ((a : ℝ), (b : ℝ))$.
              unfold s; aesop;
            · -- By definition of Sunny, if there exist a, b, c such that the line is defined by a*x + b*y + c = 0 and a, b are non-zero and not equal, then the line is sunny.
              unfold Sunny; aesop;
          · bound;
            · convert lem_k1_possible n hn;
              · bound;
              · unfold s; aesop;
              · unfold Sunny; aesop;
            · convert lem_k3_possible n hn;
              · bound;
              · unfold s; aesop;
              · unfold Sunny; aesop;
        · -- By combining the results from the lemmas, we can conclude that k must be 0, 1, or 3.
          intros hk
          obtain ⟨lines, hlines⟩ := hk;
          -- By Lemma~\ref{lem:k_ge_4_impossible}, $k \leq 3$.
          have hk_le_3 : k ≤ 3 := by
            have := lem_k_ge_4_impossible n k hn;
            contrapose! this;
            simp +zetaDelta at *;
            exact ⟨ this, lines, hlines.1, hlines.2.1, fun a b hab => by rcases hab with ⟨ a', b', ha', hb', hab', rfl, rfl ⟩ ; exact hlines.2.2.1 a' b' ha' hb' hab', by convert hlines.2.2.2 using 2; ext; unfold Sunny; aesop ⟩;
          interval_cases k <;> norm_num;
          -- By Lemma~\ref{lem:k2_impossible}, there cannot be a configuration with $k=2$.
          apply lem_k2_impossible n hn;
          use lines;
          unfold Sunny; aesop;
          cases a_1 ; aesop

#print axioms main_theorem
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/-
A line in the plane is called sunny if it is not parallel to any of the $x$-axis, the $y$-axis, and the line $x+y=0$.
Let $n \geqslant 3$ be a given integer. Determine all nonnegative integers $k$ such that there exist $n$ distinct lines in the plane satisfying both of the following:
- for all positive integers $a$ and $b$ with $a+b \leqslant n+1$, the point $(a, b)$ is on at least one of the lines; and
- exactly $k$ of the $n$ lines are sunny.

Answer: 0, 1, 3
-/

import HarmonicLean.Imports

open scoped BigOperators
open scoped Real
open scoped Nat
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open scoped Pointwise
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noncomputable section

namespace IMO2025P1

/-
A line in the plane is called sunny if it is not parallel to the $x$-axis, the $y$-axis, or the line $x+y=0$. A line is non-sunny otherwise.
--/
def Sunny (l : Set (ℝ × ℝ)) : Prop :=
  ∃ a b c, l = { v | a * v.1 + b * v.2 + c = 0 } ∧ a ≠ 0 ∧ b ≠ 0 ∧ a ≠ b

def NonSunny (l : Set (ℝ × ℝ)) : Prop :=
  (∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ l = { v | a * v.1 + b * v.2 + c = 0 }) ∧ ¬ Sunny l

/-
For a positive integer $n$, define the set of points $S_n = \{(a,b) \in \mathbb{Z}^+ \times \mathbb{Z}^+ : a+b \leq n+1\}$.
--/
def s (n : ℕ) : Set (ℝ × ℝ) :=
  { v | ∃ a b : ℕ, 0 < a ∧ 0 < b ∧ a + b ≤ n + 1 ∧ v = ((a : ℝ), (b : ℝ)) }

/-
A line is non-sunny if and only if its equation can be written in the form $x=c$, $y=c$, or $x+y=c$ for some constant $c$.
-
-/
lemma lem_non_sunny_form (l : Set (ℝ × ℝ))
  (h_is_line : ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ l = { v | a * v.1 + b * v.2 + c = 0 }) :
  NonSunny l ↔ (∃ c : ℝ, l = { v | v.1 = c }) ∨
                 (∃ c : ℝ, l = { v | v.2 = c }) ∨
                 (∃ c : ℝ, l = { v | v.1 + v.2 = c }) := by
                   bound;
                   · have := a;
                     -- By definition of non-sunny, if a line is non-sunny, then it is not sunny, which means it is parallel to one of the axes or the line x+y=0.
                     have h_parallel : ¬Sunny {v : ℝ × ℝ | w * v.1 + w_1 * v.2 + w_2 = 0} → (w = 0 ∨ w_1 = 0 ∨ w = w_1) := by
                       -- By definition of sunny, if a line is not sunny, then it must be parallel to one of the axes or the line x+y=0.
                       intro h_not_sunny
                       by_contra h_contra;
                       exact h_not_sunny ⟨ w, w_1, w_2, rfl, by tauto ⟩;
                     rcases h_parallel this.2 with ( rfl | rfl | rfl );
                     · exact Or.inr <| Or.inl ⟨ -w_2 / w_1, by ext; simp ( config := { decide := Bool.true } ) [ field_simps, show w_1 ≠ 0 by aesop ] ; constructor <;> intros <;> linarith ⟩;
                     · exact Or.inl ⟨ -w_2 / w, by ext; simp ( config := { decide := Bool.true } ) [ field_simps, show w ≠ 0 by aesop ] ; constructor <;> intros <;> linarith ⟩;
                     · exact Or.inr <| Or.inr <| ⟨ -w_2 / w, by ext; simp ( config := { decide := Bool.true } ) [ field_simps, show w ≠ 0 by aesop ] ; constructor <;> intros <;> linarith ⟩;
                   · -- If the line is of the form $x = c$, then it is parallel to the $y$-axis and thus not sunny.
                     have h_not_sunny : ¬Sunny {v : ℝ × ℝ | v.1 = w_3} := by
                       rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
                       norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
                       exact h₃ ( by linarith [ h₁.1 w_3 0 rfl, h₁.1 w_3 1 rfl ] );
                     -- Since the line $x = w_3$ is not sunny, we can conclude that it is non-sunny.
                     apply And.intro;
                     · exact ⟨ w, w_1, w_2, left, rfl ⟩;
                     · -- Since the line $x = w_3$ is not sunny, we can conclude that it is non-sunny by definition.
                       rw [h]
                       exact h_not_sunny;
                   · constructor;
                     · exact ⟨ w, w_1, w_2, left, rfl ⟩;
                     · rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
                       -- Since the line is of the form $y = c$, it is parallel to the $x$-axis and thus not sunny.
                       have h_parallel_x : ∀ v : ℝ × ℝ, v ∈ {v | w * v.1 + w_1 * v.2 + w_2 = 0} ↔ v.2 = w_3 := by
                         exact?;
                       norm_num [ h₁ ] at h_parallel_x;
                       have := h_parallel_x 0 w_3; have := h_parallel_x 1 w_3; norm_num at * ; cases lt_or_gt_of_ne h₂ <;> cases lt_or_gt_of_ne h₃ <;> nlinarith;
                   · constructor;
                     · exact ⟨ w, w_1, w_2, left, rfl ⟩;
                     · rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
                       norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at *;
                       exact h₄ ( by linarith [ h₁.1 _ _ ( h.2 ( w_3 - 1 ) 1 ( by ring ) ), h₁.1 _ _ ( h.2 w_3 0 ( by ring ) ) ] )

/-
For $n \ge 3$, let $\mathcal{L}_0 = \{x=i : i \in \{1, 2, \dots, n\}\}$. The set $\mathcal{L}_0$ consists of $n$ distinct non-sunny lines.
-
-/
lemma lem_k0_construction (n : ℕ) (hn : n ≥ 3) :
  let L0 := Finset.image (fun i : ℕ => {v : ℝ × ℝ | v.1 = (i : ℝ)}) (Finset.Icc 1 n);
  L0.card = n ∧ ∀ l ∈ L0, NonSunny l := by
    aesop;
    · rw [ Finset.card_image_of_injective _ fun x y hxy => by simpa using Set.ext_iff.mp hxy ( x, 0 ) ] ; aesop;
    · constructor;
      · exact ⟨ 1, 0, -x, by norm_num, by ext; aesop ; linarith ⟩;
      · -- The line $x = x$ is parallel to the y-axis, so it is not sunny by definition.
        unfold Sunny
        simp;
        intro a b c h₁ h₂ h₃; rw [ Set.ext_iff ] at h₁; have h₄ := h₁ ( x, 0 ) ; have h₅ := h₁ ( x, 1 ) ; norm_num at h₄ h₅ ; cases lt_or_gt_of_ne h₂ <;> cases lt_or_gt_of_ne h₃ <;> nlinarith;

/-
For any integer $n \ge 3$, $k=0$ is a possible value.
-
-/
lemma lem_k0_possible (n : ℕ) (hn : n ≥ 3) :
  ∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = n ∧
    (∀ p ∈ s n, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = 0 := by
      -- Apply the lemma to obtain the set of lines.
      obtain ⟨lines, hlines⟩ := lem_k0_construction n hn;
      use Finset.image ( fun i : ℕ => { v : ℝ × ℝ | v.1 = ( i : ℝ ) } ) ( Finset.Icc 1 n );
      aesop;
      · exact ⟨ 1, 0, by norm_num, -x, by ext; aesop ; linarith ⟩;
      · cases a_1 ; aesop;
        linarith;
      · -- Since all lines in the image are non-sunny, the filter of sunny lines is empty.
        ext l
        simp [hlines];
        exact fun x hx₁ hx₂ hx₃ => fun h => hlines l x hx₁ hx₂ hx₃ |>.2 h

/-
For $n \ge 3$, let $\mathcal{L}_1 = \{y=x\} \cup \{x+y=j : j \in \{3, 4, \dots, n+1\}\}$. The set $\mathcal{L}_1$ consists of $n$ distinct lines, of which exactly one is sunny.
-
-/
lemma lem_k1_construction (n : ℕ) (hn : n ≥ 3) :
  let L1 := insert {v : ℝ × ℝ | v.2 = v.1}
    (Finset.image (fun j : ℕ => {v : ℝ × ℝ | v.1 + v.2 = (j : ℝ)}) (Finset.Icc 3 (n+1)));
  L1.card = n ∧ (L1.filter Sunny).card = 1 := by
    field_simp;
    rw [ Finset.card_insert_of_not_mem, Finset.filter_insert ];
    · rw [ Finset.card_image_of_injective ];
      · rw [ Finset.filter_eq_empty_iff.mpr ] <;> aesop;
        · -- Since $n \geq 3$, we have $n - 1 + 1 = n$.
          rw [Nat.sub_add_cancel (by linarith)];
        · -- The line $y = x$ is sunny because it is not parallel to the $x$-axis, $y$-axis, or the line $x + y = 0$.
          have h_sunny : Sunny {v : ℝ × ℝ | v.2 = v.1} := by
            use 1, -1, 0;
            exact ⟨ by ext; aesop ; linarith, by norm_num, by norm_num, by norm_num ⟩;
          contradiction;
        · obtain ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩ := a;
          norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
          exact h₄ ( by linarith [ h₁.1 ( w - 1 ) 1 ( by ring ), h₁.1 w 0 ( by ring ) ] );
      · exact fun a b h => by simpa using Set.ext_iff.mp h ( 0, ↑a ) ;
    · -- The line $y = x$ is not of the form $x + y = j$ for any $j$, so it cannot be in the image of the function.
      simp [Set.ext_iff];
      exact fun x hx₁ hx₂ => ⟨ 0, x, by norm_num; linarith [ ( by norm_cast : ( 3 : ℝ ) ≤ x ) ] ⟩

/-
For any integer $n \ge 3$, $k=1$ is a possible value.
-
-/
lemma lem_k1_possible (n : ℕ) (hn : n ≥ 3) :
  ∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = n ∧
    (∀ p ∈ s n, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = 1 := by
      -- Let's construct the set of lines L1 as described.
      set L1 : Finset (Set (ℝ × ℝ)) := insert {v : ℝ × ℝ | v.2 = v.1} (Finset.image (fun j : ℕ => {v : ℝ × ℝ | v.1 + v.2 = (j : ℝ)}) (Finset.Icc 3 (n + 1)));
      refine' ⟨ L1, _, _, _, _ ⟩;
      · aesop;
        · exact ⟨ -1, 1, by norm_num, 0, by ext; aesop ; linarith ⟩;
        · exact ⟨ 1, 1, by norm_num, -w, by ext; aesop ; linarith ⟩;
      · rw [ Finset.card_insert_of_not_mem ] <;> norm_num;
        · -- The function j ↦ {v | v.1 + v.2 = j} is injective, so the cardinality of the image is the same as the cardinality of the domain.
          have h_inj : Function.Injective (fun j : ℕ => {v : ℝ × ℝ | v.1 + v.2 = (j : ℝ)}) := by
            exact fun a b h => by simpa using Set.ext_iff.mp h ( 0, ↑a ) ;
          rw [ Finset.card_image_of_injective _ h_inj ] ; norm_num;
          omega;
        · intro x hx₁ hx₂; rw [ Set.ext_iff ] ; push_neg; use ( 0, x ) ; aesop;
      · -- For any point $p \in s n$, if $p.1 = p.2$, then $p$ lies on the line $y = x$. Otherwise, since $p.1 + p.2 \leq n + 1$, there exists $j \in \{3, 4, \ldots, n + 1\}$ such that $p.1 + p.2 = j$, so $p$ lies on the line $x + y = j$.
        intro p hp
        by_cases h_eq : p.1 = p.2;
        · aesop;
        · cases hp ; aesop;
          exact Or.inr ⟨ w + w_1, ⟨ by omega, by omega ⟩, by norm_cast ⟩;
      · have := lem_k1_construction n hn;
        exact this.2

/-
For $n=3$, there exists a set of 3 distinct lines covering $S_3$ with $k=3$ sunny lines.
-
-/
lemma lem_n3_k3_exists :
  ∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = 3 ∧
    (∀ p ∈ s 3, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = 3 := by
      -- Let's choose the lines $L_1: y=x$, $L_2: y=-2x+5$, and $L_3: y=-x/2+5/2$.
      use { {v : ℝ × ℝ | v.2 = v.1}, {v : ℝ × ℝ | v.2 = -2 * v.1 + 5}, {v : ℝ × ℝ | v.2 = -v.1 / 2 + 5 / 2} };
      refine' ⟨ _, _, _, _ ⟩;
      · norm_num;
        -- For each line, we can find coefficients $a$, $b$, and $c$ such that the line equation holds and $a$ and $b$ are not both zero.
        exact ⟨⟨-1, 1, by norm_num, 0, by ext; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> linarith⟩, ⟨2, 1, by norm_num, -5, by ext; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> linarith⟩, ⟨1, 2, by norm_num, -5, by ext; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> linarith⟩⟩;
      · rw [ Finset.card_insert_of_not_mem, Finset.card_insert_of_not_mem, Finset.card_singleton ] <;> norm_num [ Set.ext_iff ];
        · -- Let's choose any $x \neq \frac{5}{3}$.
          use 0; norm_num;
        · exact ⟨ ⟨ 0, by norm_num ⟩, ⟨ 0, by norm_num ⟩ ⟩;
      · unfold s; aesop;
        rcases w with ( _ | _ | _ | _ | w ) <;> rcases w_1 with ( _ | _ | _ | _ | w_1 ) <;> norm_num at * <;> linarith;
      · -- Since all three lines are sunny, the filter of sunny lines in the set should include all three elements. Therefore, the cardinality of the filter is 3.
        have h_sunny : ∀ l ∈ ({ {v : ℝ × ℝ | v.2 = v.1}, {v : ℝ × ℝ | v.2 = -2 * v.1 + 5}, {v : ℝ × ℝ | v.2 = -v.1 / 2 + 5 / 2} } : Finset (Set (ℝ × ℝ))), Sunny l := by
          aesop;
          · use 1, -1, 0;
            -- To prove the equality of sets, we show each set is a subset of the other.
            simp [Set.ext_iff];
            exact ⟨ fun a b => ⟨ fun h => by linarith, fun h => by linarith ⟩, by norm_num ⟩;
          · use 2, 1, -5;
            exact ⟨ Set.ext fun x => by aesop ; linarith, by norm_num, by norm_num, by norm_num ⟩;
          · exact ⟨ 1 / 2, 1, -5 / 2, by ext; norm_num; constructor <;> intros <;> linarith, by norm_num, by norm_num, by norm_num ⟩;
        rw [ Finset.filter_true_of_mem h_sunny ];
        rw [ Finset.card_insert_of_not_mem, Finset.card_insert_of_not_mem, Finset.card_singleton ] <;> norm_num [ Set.ext_iff ];
        · exact ⟨ 0, by norm_num ⟩;
        · exact ⟨ ⟨ 0, by norm_num ⟩, ⟨ 0, by norm_num ⟩ ⟩

/-
Let $\mathcal{L}_m$ be a set of $m$ lines covering $S_m$. Let $\mathcal{L}_{m+1} = \mathcal{L}_m \cup \{x+y=m+2\}$. Then $\mathcal{L}_{m+1}$ covers $S_{m+1}$.
-
-/
lemma lem_induction_step_coverage (m : ℕ)
  (Lm : Finset (Set (ℝ × ℝ)))
  (h_cover : ∀ p ∈ s m, ∃ l ∈ Lm, p ∈ l) :
  let L_new := {v : ℝ × ℝ | v.1 + v.2 = (m : ℝ) + 2};
  let Lm1 := Lm ∪ {L_new};
  ∀ p ∈ s (m+1), ∃ l ∈ Lm1, p ∈ l := by
    aesop;
    cases a ; aesop;
    by_cases h : w + w_1 ≤ m + 1;
    · exact Exists.elim ( h_cover w w_1 ⟨ w, w_1, left, left_1, by linarith, rfl ⟩ ) fun l hl => ⟨ l, Or.inl hl.1, hl.2 ⟩;
    · -- Since $w + w_1 = m + 2$, the point $(w, w_1)$ lies on the line $x + y = m + 2$.
      use L_new
      aesop;
      norm_cast; linarith

/-
If for some integer $m \ge 3$ there exists a set of $m$ lines covering $S_m$ with $k$ sunny lines, then there exists a set of $m+1$ lines covering $S_{m+1}$ with the same number $k$ of sunny lines.
-
-/
lemma lem_induction_step (m k : ℕ) (hm : m ≥ 3)
  (h_exists : ∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = m ∧
    (∀ p ∈ s m, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = k) :
  ∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = m + 1 ∧
    (∀ p ∈ s (m+1), ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = k := by
      obtain ⟨ lines, hlines1, hlines2, hlines3, hlines4 ⟩ := h_exists;
      -- Apply the induction step to construct the set of m+1 lines.
      have h_induction_step : ∀ p ∈ s (m + 1), ∃ l ∈ lines ∪ { {v : ℝ × ℝ | v.1 + v.2 = (m : ℝ) + 2} }, p ∈ l := by
        apply lem_induction_step_coverage;
        assumption;
      by_cases h : {v : ℝ × ℝ | v.1 + v.2 = (m : ℝ) + 2} ∈ lines;
      · -- If the new line is already in the set of lines, then we can add a dummy line that does not affect the coverage of points.
        obtain ⟨dummy_line, hdummy_line⟩ : ∃ dummy_line : Set (ℝ × ℝ), ¬dummy_line ∈ lines ∧ ¬Sunny dummy_line ∧ (∃ a b c : ℝ, ¬(a = 0 ∧ b = 0) ∧ dummy_line = {v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0}) := by
          -- Since there are infinitely many non-sunny lines, we can choose one that is not in the current set of lines.
          have h_inf_non_sunny : Set.Infinite {l : Set (ℝ × ℝ) | ¬Sunny l ∧ ∃ a b c : ℝ, ¬(a = 0 ∧ b = 0) ∧ l = {v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0}} := by
            refine' Set.infinite_of_injective_forall_mem ( fun x y hxy => _ ) fun n : ℕ => show { v : ℝ × ℝ | v.1 = n + 1 } ∈ { l : Set ( ℝ × ℝ ) | ¬Sunny l ∧ ∃ a b c : ℝ, ¬ ( a = 0 ∧ b = 0 ) ∧ l = { v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0 } } from ⟨ _, _ ⟩;
            · rw [ Set.ext_iff ] at hxy ; specialize hxy ( ( x : ℝ ) + 1, 0 ) ; aesop;
            · rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
              norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
              exact h₃ ( by linarith [ h₁.1 ( n + 1 ) 0 rfl, h₁.1 ( n + 1 ) 1 rfl ] );
            · exact ⟨ 1, 0, - ( n + 1 ), by norm_num, by ext; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> linarith ⟩;
          exact Exists.imp ( by aesop ) ( h_inf_non_sunny.exists_not_mem_finset lines );
        refine' ⟨ Insert.insert dummy_line lines, _, _, _, _ ⟩ <;> simp_all ( config := { decide := Bool.true } );
        · grind;
        · rw [ Finset.filter_insert ] ; aesop;
      · refine' ⟨ lines ∪ { { v : ℝ × ℝ | v.1 + v.2 = ( m : ℝ ) + 2 } }, _, _, _, _ ⟩;
        · simp +zetaDelta at *;
          rintro line ( hline | rfl );
          · exact hlines1 line hline;
          · exact ⟨ 1, 1, by norm_num, - ( m + 2 ), by ext; norm_num; constructor <;> intros <;> linarith ⟩;
        · rw [ Finset.card_union ] ; aesop;
        · assumption;
        · rw [ Finset.filter_union, Finset.filter_singleton ];
          rw [ if_neg ];
          · aesop;
          · rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
            norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
            exact h₄ ( by linarith [ h₁.1 ( m + 2 ) 0 ( by ring ), h₁.1 ( m + 1 ) 1 ( by ring ), h₁.1 ( m ) 2 ( by ring ) ] )

/-
For any integer $n \ge 3$, $k=3$ is a possible value.
-
-/
lemma lem_k3_possible (n : ℕ) (hn : n ≥ 3) :
  ∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = n ∧
    (∀ p ∈ s n, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = 3 := by
      -- By Lemma~\ref{lem:induction_step}, we can construct a set of $n$ lines covering $S_n$ with $k=3$ sunny lines for any $n \geq 3$.
      induction' n, Nat.succ_le.mpr hn using Nat.le_induction with n ih;
      · exact?;
      · -- Apply Lemma~\ref{lem:induction_step} to construct the set of lines for $n+1$.
        apply lem_induction_step n 3 ih;
        aesop

/-
If there exists a configuration of $n$ lines covering $S_n$ with $k$ sunny lines, and one of the lines is $x=1$, $y=1$, or $x+y=n+1$, then there exists a configuration of $n-1$ lines covering $S_{n-1}$ with $k$ or $k-1$ sunny lines. If the line is non-sunny, the number of sunny lines is $k$.
-
-/
lemma lem_reduction (n k : ℕ) (hn : n ≥ 4)
  (h_exists : ∃ L : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ L, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    L.card = n ∧
    (∀ p ∈ s n, ∃ l ∈ L, p ∈ l) ∧
    (L.filter Sunny).card = k ∧
    ({v | v.1 = (1:ℝ)} ∈ L ∨ {v | v.2 = (1:ℝ)} ∈ L ∨ {v | v.1 + v.2 = (n + 1 : ℝ)} ∈ L)) :
  ∃ L' : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ L', ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    L'.card = n - 1 ∧
    (∀ p ∈ s (n-1), ∃ l ∈ L', p ∈ l) ∧
    (L'.filter Sunny).card = k := by
      bound;
      · refine' ⟨ Finset.image ( fun l => { v : ℝ × ℝ | ∃ w ∈ l, w = ( v.1 + 1, v.2 ) } ) ( w.erase { v : ℝ × ℝ | v.1 = 1 } ), _, _, _, _ ⟩;
        · simp +zetaDelta at *;
          rintro line x hx hx' rfl;
          rcases left x hx' with ⟨ a, b, hab, c, rfl ⟩;
          exact ⟨ a, b, hab, c + a, by ext; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> linarith ⟩;
        · rw [ Finset.card_image_of_injective ];
          · -- Since {v | v.1 = 1} is in w, removing it should decrease the cardinality by 1.
            simp [Finset.card_erase_of_mem h];
          · intro l l' hl; ext x; replace hl := Set.ext_iff.mp hl ( x.1 - 1, x.2 ) ; aesop;
        · -- For any point $p \in s (w.card - 1)$, there exists a line in $w.erase {v | v.1 = 1}$ that contains $(p.1 + 1, p.2)$.
          intro p hp
          obtain ⟨a, b, ha, hb, hab, rfl⟩ := hp;
          -- Since $(a+1, b) \in S_n$, there exists a line $l \in w$ such that $(a+1, b) \in l$.
          obtain ⟨l, hl₁, hl₂⟩ : ∃ l ∈ w, ((a + 1 : ℝ), (b : ℝ)) ∈ l := by
            exact left_2 _ ⟨ a + 1, b, by linarith, by linarith, by omega, by norm_cast ⟩;
          cases eq_or_ne l { v : ℝ × ℝ | v.1 = 1 } <;> aesop;
        · -- Since the transformation preserves the sunny property, the number of sunny lines in L' is the same as in L.
          have h_sunny_preserved : ∀ l ∈ w.erase {v : ℝ × ℝ | v.1 = 1}, Sunny l ↔ Sunny {v : ℝ × ℝ | ∃ w ∈ l, w = (v.1 + 1, v.2)} := by
            -- If a line l is sunny, then the line l' obtained by shifting l to the right by 1 is also sunny, and vice versa.
            intros l hl
            constructor;
            · rintro ⟨ a, b, c, rfl, ha, hb, hab ⟩;
              exact ⟨ a, b, c + a, by ext; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> linarith, ha, hb, by contrapose! hab; linarith ⟩;
            · rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
              use a, b, c - a;
              norm_num [ Set.ext_iff ] at *;
              exact ⟨ fun x y => by specialize h₁ ( x - 1 ) y; ring_nf at *; aesop, h₂, h₃, h₄ ⟩;
          rw [ Finset.card_filter, Finset.card_filter, Finset.sum_image ];
          · rw [ ← Finset.sum_erase_add _ _ h ] ; aesop;
            · cases h_1 ; aesop;
              rw [ Set.ext_iff ] at h_1 ; have := h_1 ( 1, 0 ) ; have := h_1 ( 1, 1 ) ; norm_num at * ; cases lt_or_gt_of_ne left_1 <;> cases lt_or_gt_of_ne left_3 <;> nlinarith;
            · exact congr_arg Finset.card ( Finset.filter_congr fun x hx => by specialize h_sunny_preserved x; aesop );
          · aesop;
            ext ⟨ a, b ⟩ ; replace a_2 := Set.ext_iff.mp a_2 ( a - 1, b ) ; aesop;
      · refine' ⟨ Finset.image ( fun l => { v : ℝ × ℝ | ∃ w ∈ l, w = ( v.1, v.2 + 1 ) } ) ( w \ { { v : ℝ × ℝ | v.2 = 1 } } ), _, _, _, _ ⟩;
        · -- For any line in the image, we can take the original a, b, c from l and adjust c to c + b. Since a and b aren't both zero in the original line, they won't be both zero in the new line either.
          intro line hline
          obtain ⟨l, hl, rfl⟩ := Finset.mem_image.mp hline;
          -- By hypothesis left, there exist a, b, c such that l = {v | a*v.1 + b*v.2 + c = 0} and a ≠ 0 or b ≠ 0.
          obtain ⟨a, b, c, h_ne_zero, hl_eq⟩ := left l (Finset.mem_sdiff.mp hl).left;
          exact ⟨ a, b, c + b, by aesop, by ext; aesop <;> linarith ⟩;
        · rw [ Finset.card_image_of_injective ];
          · exact Finset.card_sdiff <| Finset.singleton_subset_iff.mpr h;
          · intro l l' h; ext x; replace h := Set.ext_iff.mp h ( x.1, x.2 - 1 ) ; aesop;
        · field_simp;
          intro a b hab;
          rcases hab with ⟨ a, b, ha, hb, hab, rfl, rfl ⟩;
          specialize left_2 ( a, b + 1 );
          exact Exists.elim ( left_2 ⟨ a, b + 1, by linarith, by linarith, by omega, by aesop ⟩ ) fun l hl => ⟨ l, ⟨ hl.1, by rintro rfl; exact absurd hl.2 ( by norm_num; linarith ) ⟩, hl.2 ⟩;
        · -- Since the transformation preserves the sunny property, the number of sunny lines in the new set is the same as in the original set.
          have h_sunny_preserved : ∀ l ∈ w \ { {v : ℝ × ℝ | v.2 = 1} }, Sunny l ↔ Sunny {v : ℝ × ℝ | ∃ w ∈ l, w = (v.1, v.2 + 1)} := by
            aesop;
            · obtain ⟨ a, b, c, rfl, ha, hb, hab ⟩ := a;
              exact ⟨ a, b, c + b, by ext; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> linarith, ha, hb, by contrapose! hab; linarith ⟩;
            · obtain ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩ := a;
              use a, b, c - b;
              norm_num [ Set.ext_iff ] at *;
              exact ⟨ fun x y => by specialize h₁ x ( y - 1 ) ; ring_nf at *; aesop, h₂, h₃, h₄ ⟩;
          -- Since the transformation preserves the sunny property, the number of sunny lines in the new set is the same as in the original set. Therefore, the cardinality of the filter of sunny lines in the new set is equal to the cardinality of the filter of sunny lines in the original set.
          have h_card_eq : (Finset.filter Sunny (Finset.image (fun l => {v : ℝ × ℝ | ∃ w ∈ l, w = (v.1, v.2 + 1)}) (w \ { {v : ℝ × ℝ | v.2 = 1} }))).card = (Finset.filter Sunny (w \ { {v : ℝ × ℝ | v.2 = 1} })).card := by
            rw [ Finset.card_filter, Finset.card_filter, Finset.sum_image ];
            · exact Finset.sum_congr rfl fun x hx => by specialize h_sunny_preserved x hx; aesop;
            · aesop;
              ext ⟨ a, b ⟩ ; replace a_2 := Set.ext_iff.mp a_2 ( a, b - 1 ) ; aesop;
          -- Since the line $y=1$ is non-sunny, removing it from $w$ does not change the count of sunny lines.
          have h_non_sunny : ¬Sunny {v : ℝ × ℝ | v.2 = 1} := by
            rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
            norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
            exact h₂ ( by linarith [ h₁.1 0, h₁.1 1 ] );
          rw [ h_card_eq, Finset.card_filter, Finset.card_filter, Finset.sum_eq_sum_diff_singleton_add h ] ; aesop;
      · -- Let's remove the line $x + y = n + 1$ from $w$ and show that the remaining lines cover $S_{n-1}$.
        set L' := w \ { {v : ℝ × ℝ | v.1 + v.2 = (w.card : ℝ) + 1} };
        refine' ⟨ L', _, _, _, _ ⟩;
        · aesop;
        · rw [ Finset.card_sdiff ] <;> aesop;
        · -- Since $w$ covers $s w.card$, which includes all points up to $a + b = w.card + 1$, removing the line $x + y = w.card + 1$ should leave the remaining lines covering $s (w.card - 1)$.
          intros p hp
          obtain ⟨l, hl₁, hl₂⟩ := left_2 p (by
          rcases hp with ⟨ a, b, ha, hb, hab, rfl ⟩ ; exact ⟨ a, b, ha, hb, by omega, rfl ⟩);
          simp +zetaDelta at *;
          rcases hp with ⟨ a, b, ha, hb, hab, rfl ⟩;
          exact ⟨ l, ⟨ hl₁, by rintro rfl; exact absurd hl₂ ( by norm_num; linarith [ show ( a : ℝ ) + b ≤ w.card by norm_cast; omega ] ) ⟩, hl₂ ⟩;
        · -- Since the line $x + y = n + 1$ is non-sunny, removing it from $w$ does not change the set of sunny lines.
          have h_non_sunny : ¬Sunny {v : ℝ × ℝ | v.1 + v.2 = (w.card : ℝ) + 1} := by
            rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
            norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
            exact h₄ ( by linarith [ h₁.1 ( ↑w.card + 1 ) 0 ( by ring ), h₁.1 0 ( ↑w.card + 1 ) ( by ring ), h₁.1 1 ( ↑w.card ) ( by ring ) ] );
          rw [ Finset.card_filter, Finset.card_filter, Finset.sum_eq_sum_diff_singleton_add h_2 ] ; aesop

/-
If a set $\mathcal{L}$ of $n$ lines covers $S_n$ for $n \ge 3$, and none of the lines $x=1$, $y=1$, or $x+y=n+1$ are in $\mathcal{L}$, then all $n$ lines in $\mathcal{L}$ must be sunny.
-
-/
lemma lem_boundary_lines_implication (n : ℕ) (hn : n ≥ 3)
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = n)
  (h_lines : ∀ l ∈ L, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ l = { v | a * v.1 + b * v.2 + c = 0 })
  (h_cover : ∀ p ∈ s n, ∃ l ∈ L, p ∈ l)
  (h_boundary : {v | v.1 = (1:ℝ)} ∉ L ∧ {v | v.2 = (1:ℝ)} ∉ L ∧ {v | v.1 + v.2 = (n + 1 : ℝ)} ∉ L) :
  ∀ l ∈ L, Sunny l := by
    -- For any line $l \in L$, we need to show that it is not parallel to the $x$-axis, $y$-axis, or the line $x+y=0$.
    have h_not_parallel : ∀ l ∈ L, ¬(∃ c : ℝ, l = {v : ℝ × ℝ | v.1 = c}) ∧ ¬(∃ c : ℝ, l = {v : ℝ × ℝ | v.2 = c}) ∧ ¬(∃ c : ℝ, l = {v : ℝ × ℝ | v.1 + v.2 = c}) := by
      bound;
      · -- If $x = w$ is in $L$, then for each $j \in \{1, 2, \ldots, n\}$, the point $(1, j)$ must be covered by some line in $L$.
        have h_cover : ∀ j : ℕ, 1 ≤ j → j ≤ L.card → ∃ l ∈ L, l ≠ {v : ℝ × ℝ | v.1 = w} ∧ ((1 : ℝ), (j : ℝ)) ∈ l := by
          -- Since $(1, j)$ is in $s L.card$, by $h_cover$, there exists a line in $L$ that contains $(1, j)$.
          have h_exists_line : ∀ j : ℕ, 1 ≤ j → j ≤ L.card → ∃ l ∈ L, ((1 : ℝ), (j : ℝ)) ∈ l := by
            exact fun j hj₁ hj₂ => h_cover _ ⟨ 1, j, by norm_num, by linarith, by linarith, by norm_num ⟩;
          intro j hj₁ hj₂; specialize h_exists_line j hj₁ hj₂; aesop;
        -- By the pigeonhole principle, since there are L.card points (1, j) and only L.card - 1 other lines in L, at least two of these points must be covered by the same line.
        have h_pigeonhole : ∃ j k : ℕ, 1 ≤ j ∧ j ≤ L.card ∧ 1 ≤ k ∧ k ≤ L.card ∧ j ≠ k ∧ ∃ l ∈ L, l ≠ {v : ℝ × ℝ | v.1 = w} ∧ ((1 : ℝ), (j : ℝ)) ∈ l ∧ ((1 : ℝ), (k : ℝ)) ∈ l := by
          choose! f hf using h_cover;
          have h_pigeonhole : Finset.card (Finset.image f (Finset.Icc 1 L.card)) ≤ L.card - 1 := by
            have h_distinct : Finset.image f (Finset.Icc 1 L.card) ⊆ L \ { {v : ℝ × ℝ | v.1 = w} } := by
              simp_all ( config := { decide := Bool.true } ) [ Finset.image_subset_iff ];
            exact le_trans ( Finset.card_le_card h_distinct ) ( by rw [ Finset.card_sdiff ] <;> aesop );
          contrapose! h_pigeonhole;
          rw [ Finset.card_image_of_injOn ];
          · simp;
            exact ⟨ _, a ⟩;
          · field_simp;
            exact fun x hx y hy hxy => Classical.not_not.1 fun h => h_pigeonhole x y hx.1 hx.2 hy.1 hy.2 h ( f x ) ( hf x hx.1 hx.2 |>.1 ) ( hf x hx.1 hx.2 |>.2.1 ) ( hf x hx.1 hx.2 |>.2.2 ) ( by simpa [ hxy ] using hf y hy.1 hy.2 |>.2.2 );
        bound;
        obtain ⟨ a, b, c, h, rfl ⟩ := h_lines _ left_7;
        simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
      · -- Since $y = w$ is in $L$, it must cover some point $(a, 1)$ for $a \in \{1, 2, \ldots, n\}$.
        have h_cover_y1 : ∀ a ∈ Finset.Icc 1 L.card, ∃ l ∈ L, l ≠ {v : ℝ × ℝ | v.2 = w} ∧ ((a : ℝ), 1) ∈ l := by
          intro a ha;
          have := h_cover ( a, 1 ) ⟨ a, 1, by linarith [ Finset.mem_Icc.mp ha ], by norm_num, by linarith [ Finset.mem_Icc.mp ha ], by norm_num ⟩;
          exact this.imp fun l hl => ⟨ hl.1, by rintro rfl; exact absurd hl.2 ( by norm_num; aesop ), hl.2 ⟩;
        -- By the pigeonhole principle, since there are L.card a's and only L.card - 1 other lines, at least two of these a's must be covered by the same line.
        have h_pigeonhole : ∃ a b : ℕ, a ∈ Finset.Icc 1 L.card ∧ b ∈ Finset.Icc 1 L.card ∧ a ≠ b ∧ ∃ l ∈ L, l ≠ {v : ℝ × ℝ | v.2 = w} ∧ ((a : ℝ), 1) ∈ l ∧ ((b : ℝ), 1) ∈ l := by
          choose! f hf using h_cover_y1;
          have h_pigeonhole : Finset.card (Finset.image f (Finset.Icc 1 L.card)) ≤ L.card - 1 := by
            have h_distinct : Finset.image f (Finset.Icc 1 L.card) ⊆ L \ { {v : ℝ × ℝ | v.2 = w} } := by
              simp_all ( config := { decide := Bool.true } ) [ Finset.image_subset_iff ];
            exact le_trans ( Finset.card_le_card h_distinct ) ( by rw [ Finset.card_sdiff ] <;> aesop );
          contrapose! h_pigeonhole;
          rw [ Finset.card_image_of_injOn ];
          · field_simp;
          · exact fun a ha b hb hab => Classical.not_not.1 fun h => h_pigeonhole a b ha hb h ( f a ) ( hf a ha |>.1 ) ( hf a ha |>.2.1 ) ( hf a ha |>.2.2 ) ( by simpa [ hab ] using hf b hb |>.2.2 );
        simp +zetaDelta at *;
        obtain ⟨ a, ⟨ ha₁, ha₂ ⟩, b, ⟨ hb₁, hb₂ ⟩, hab, l, hl₁, hl₂, hl₃, hl₄ ⟩ := h_pigeonhole;
        obtain ⟨ a', b', hab', x', rfl ⟩ := h_lines l hl₁;
        simp_all ( config := { decide := Bool.true } );
        by_cases ha : a' = 0;
        · simp_all ( config := { decide := Bool.true } ) [ add_eq_zero_iff_eq_neg ];
        · exact hab ( Nat.cast_injective ( mul_left_cancel₀ ha <| by linarith : ( a : ℝ ) = b ) );
      · -- Since $x + y = w$ is in $L$ and $w \neq n + 1$, this line cannot cover any point $(a, b)$ with $a + b = n + 1$.
        have h_cover_false : ∀ a ∈ Finset.Icc 1 (L.card), ∃ l ∈ L, ((a : ℝ), (L.card + 1 - a : ℝ)) ∈ l ∧ l ≠ {v : ℝ × ℝ | v.1 + v.2 = w} := by
          -- Since $a + (L.card + 1 - a) = L.card + 1$, the point $(a, L.card + 1 - a)$ is in $s L.card$.
          have h_point_in_sn : ∀ a ∈ Finset.Icc 1 L.card, ((a : ℝ), (L.card + 1 - a : ℝ)) ∈ s L.card := by
            -- By definition of $s$, we need to show that for any $a \in \{1, 2, \ldots, L.card\}$, the point $(a, L.card + 1 - a)$ satisfies $a + (L.card + 1 - a) \leq L.card + 1$.
            intro a ha
            use a, L.card + 1 - a;
            norm_num +zetaDelta at *;
            exact ⟨ ha.1, Nat.lt_succ_of_le ha.2, by omega, by rw [ Nat.cast_sub ] <;> norm_num ; linarith ⟩;
          -- By h_cover, for each $a \in \{1, 2, \ldots, L.card\}$, there exists a line in $L$ that contains the point $(a, L.card + 1 - a)$.
          have h_cover_exists : ∀ a ∈ Finset.Icc 1 L.card, ∃ l ∈ L, ((a : ℝ), (L.card + 1 - a : ℝ)) ∈ l := by
            exact fun a ha => h_cover _ ( h_point_in_sn a ha );
          intro a ha; specialize h_cover_exists a ha; obtain ⟨ l, hl₁, hl₂ ⟩ := h_cover_exists; use l; aesop;
        choose! f hf using h_cover_false;
        have h_distinct : Finset.card (Finset.image f (Finset.Icc 1 L.card)) ≤ Finset.card L - 1 := by
          have h_distinct : Finset.image f (Finset.Icc 1 L.card) ⊆ L \ { {v : ℝ × ℝ | v.1 + v.2 = w} } := by
            simp_all ( config := { decide := Bool.true } ) [ Finset.image_subset_iff ];
          exact le_trans ( Finset.card_le_card h_distinct ) ( by rw [ Finset.card_sdiff ] <;> aesop );
        rw [ Finset.card_image_of_injOn ] at h_distinct;
        · norm_num at * ; omega;
        · intros x hx y hy; have := hf x hx; have := hf y hy; aesop;
          cases h_lines _ ( hf x left_2 right_1 |>.1 ) ; aesop;
          have := hf y left_3 right_2; aesop;
          by_cases hw : w_1 = w_2;
          · aesop;
            exact False.elim <| right <| by convert left_5 using 1; ext ; simp ( config := { decide := Bool.true } ) ; constructor <;> intros <;> cases lt_or_gt_of_ne left_4 <;> nlinarith;
          · exact_mod_cast ( mul_left_cancel₀ ( sub_ne_zero_of_ne hw ) <| by linarith : ( x : ℝ ) = y );
    -- By definition of sunny, if a line is not parallel to the x-axis, y-axis, or x+y=0, then it must be sunny.
    intros l hl
    obtain ⟨a, b, c, h_ne_zero, h_eq⟩ := h_lines l hl;
    use a, b, c;
    -- Since $l$ is not parallel to the $x$-axis or $y$-axis, $a$ and $b$ cannot be zero.
    have h_a_ne_zero : a ≠ 0 := by
      -- If $a = 0$, then the line equation becomes $b * y + c = 0$, which is a horizontal line. However, $h_not_parallel$ states that the line cannot be parallel to the $x$-axis, which means it cannot be horizontal. Therefore, $a$ must be non-zero.
      by_contra ha_zero
      have h_horizontal : ∃ c : ℝ, l = {v : ℝ × ℝ | v.2 = c} := by
        exact ⟨ -c / b, by ext; simp ( config := { decide := Bool.true } ) [ h_eq, ha_zero, field_simps, show b ≠ 0 by aesop ] ; constructor <;> intros <;> linarith ⟩;
      exact h_not_parallel l hl |>.2.1 h_horizontal
    have h_b_ne_zero : b ≠ 0 := by
      rintro rfl;
      exact h_not_parallel l hl |>.1 ⟨ -c / a, by ext; simp ( config := { decide := Bool.true } ) [ h_eq, field_simps, h_a_ne_zero ] ; constructor <;> intros <;> linarith ⟩;
    bound;
    exact h_not_parallel _ hl |>.2.2 ⟨ -c / a, by ext ⟨ x, y ⟩ ; simpa [ field_simps, h_b_ne_zero ] using by constructor <;> intros <;> linarith ⟩

/-
Let $n \ge 3$. If a set $\mathcal{L}$ of $n$ sunny lines covers $S_n$, then one line in $\mathcal{L}$, call it $L_1$, passes through $(1,1)$. The other $n-1$ lines in $\mathcal{L}$ establish a bijection between the sets of points $\{(1,j): j=2,\dots,n\}$ and $\{(i,1): i=2,\dots,n\}$.
-
-/
lemma lem_kn_setup (n : ℕ) (hn : n ≥ 3)
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = n) (h_sunny : ∀ l ∈ L, Sunny l)
  (h_cover : ∀ p ∈ s n, ∃ l ∈ L, p ∈ l) :
  ∃ L1 ∈ L, ((1:ℝ), (1:ℝ)) ∈ L1 ∧
    (let PtsX := Finset.image (fun j : ℕ => ((1:ℝ), (j:ℝ))) (Finset.Icc (2:ℕ) n);
    let PtsY := Finset.image (fun i : ℕ => ((i:ℝ), (1:ℝ))) (Finset.Icc (2:ℕ) n);
    ∀ l ∈ L \ {L1}, (∃! p ∈ PtsX, p ∈ l) ∧ (∃! q ∈ PtsY, q ∈ l)) := by
      -- Let's first show that there exists a line $L_1 \in \mathcal{L}$ passing through $(1,1)$.
      obtain ⟨L1, hL1_in, hL1_cover⟩ : ∃ L1 ∈ L, ((1:ℝ), (1:ℝ)) ∈ L1 := by
        -- By definition of $s$, we know that $(1, 1) \in s n$ since $1 + 1 \leq n + 1$ for $n \geq 3$.
        have h_point_in_sn : (1, 1) ∈ s n := by
          exact ⟨ 1, 1, by norm_num, by norm_num, by linarith, by norm_num ⟩;
        exact h_cover _ h_point_in_sn;
      -- Since $L$ is a set of sunny lines, each line in $L \setminus \{L1\}$ must intersect $PtsX$ and $PtsY$ exactly once.
      have h_inter : ∀ l ∈ L \ {L1}, (∃ p ∈ Finset.image (fun j : ℕ => ((1 : ℝ), (j : ℝ))) (Finset.Icc 2 n), p ∈ l) ∧ (∃ q ∈ Finset.image (fun i : ℕ => ((i : ℝ), (1 : ℝ))) (Finset.Icc 2 n), q ∈ l) := by
        aesop;
        · -- Since $l$ is a sunny line, it must intersect the line $x=1$ at some point $(1, a)$ where $a \in \{2, 3, \ldots, n\}$.
          have h_inter_x : ∃ a ∈ Finset.Icc 2 (L.card), (1, (a : ℝ)) ∈ l := by
            -- By the coverage condition, for each $j \in \{2, 3, \ldots, L.card\}$, there exists a line in $L$ that contains $(1, j)$. Since $l \in L$ and $l \neq L1$, it must contain some $(1, j)$ where $j \in \{2, 3, \ldots, L.card\}$.
            have h_cover_x : ∀ j ∈ Finset.Icc 2 L.card, ∃ l ∈ L, (1, (j : ℝ)) ∈ l := by
              exact fun j hj => h_cover 1 j ⟨ 1, j, by norm_num, by linarith [ Finset.mem_Icc.mp hj ], by linarith [ Finset.mem_Icc.mp hj ], by norm_num ⟩;
            choose! f hf using h_cover_x;
            -- Since $f$ is injective and $L$ has $L.card$ elements, and $l$ is in $L$, there must be some $j$ such that $f j = l$.
            have h_inj : Finset.card (Finset.image f (Finset.Icc 2 L.card)) = L.card - 1 := by
              rw [ Finset.card_image_of_injOn ];
              · simp;
              · intros x hx y hy; have := hf x hx; have := hf y hy; aesop;
                cases h_sunny _ ( hf x left_1 right_1 |>.1 ) ; aesop;
                have := hf y left_2 right_2; aesop;
                exact_mod_cast ( mul_left_cancel₀ left_4 <| by linarith : ( x : ℝ ) = y );
            have h_inj : Finset.image f (Finset.Icc 2 L.card) = L \ {L1} := by
              apply Finset.eq_of_subset_of_card_le;
              · intro; aesop;
                have := hf w left_1 right_2; specialize hf w left_1 right_2; rcases h_sunny _ this.1 with ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩ ; simp_all ( config := { decide := Bool.true } ) [ Set.ext_iff ];
                exact h₃ ( by nlinarith [ ( by norm_cast : ( 2 : ℝ ) ≤ w ) ] );
              · rw [ Finset.card_sdiff ] <;> aesop;
            replace h_inj := Finset.ext_iff.mp h_inj l; aesop;
          aesop;
        · -- Since $L$ covers all points in $S_n$, including $(i, 1)$ for $i \in \{2, \dots, n\}$, and $L1$ covers $(1, 1)$, the remaining lines in $L \setminus \{L1\}$ must cover the points $(i, 1)$ for $i \in \{2, \dots, n\}$.
          have h_cover_remaining : ∀ i ∈ Finset.Icc 2 (L.card), ∃ l ∈ L \ {L1}, ((i : ℝ), 1) ∈ l := by
            -- Since $L$ covers all points in $S_n$, including $(i, 1)$ for $i \in \{2, \dots, L.card\}$, and $L1$ covers $(1, 1)$, the remaining lines in $L \setminus \{L1\}$ must cover the points $(i, 1)$ for $i \in \{2, \dots, L.card\}$.
            intros i hi
            obtain ⟨l, hlL, hl⟩ : ∃ l ∈ L, ((i : ℝ), 1) ∈ l := by
              exact h_cover i 1 ⟨ i, 1, by linarith [ Finset.mem_Icc.mp hi ], by norm_num, by linarith [ Finset.mem_Icc.mp hi ], by norm_num ⟩;
            by_cases hl1 : l = L1;
            · rcases h_sunny L1 hL1_in with ⟨ a, b, c, rfl, ha, hb, hab ⟩;
              simp_all ( config := { decide := Bool.true } );
              exact False.elim <| ha <| by nlinarith [ ( by norm_cast; linarith : ( 2 : ℝ ) ≤ i ) ] ;
            · aesop;
          choose! f hf using h_cover_remaining;
          have h_image : Finset.image f (Finset.Icc 2 (L.card)) = L \ {L1} := by
            apply Finset.eq_of_subset_of_card_le;
            · exact Finset.image_subset_iff.mpr fun i hi => hf i hi |>.1;
            · rw [ Finset.card_image_of_injOn ];
              · rw [ Finset.card_sdiff ] <;> aesop;
              · intros i hi j hj hij;
                have := hf i hi; have := hf j hj; aesop;
                cases h_sunny _ ( hf j left_2 right_2 |>.1.1 ) ; aesop;
                have := hf j left_2 right_2; aesop;
                exact_mod_cast ( mul_left_cancel₀ left_3 <| by linarith : ( i : ℝ ) = j );
          replace h_image := Finset.ext_iff.mp h_image l; aesop;
      -- Since $L$ is a set of sunny lines, each line in $L \setminus \{L1\}$ cannot be parallel to the x-axis, y-axis, or the line $x+y=0$.
      have h_not_parallel : ∀ l ∈ L \ {L1}, ∀ p q : ℝ × ℝ, p ∈ Finset.image (fun j : ℕ => ((1 : ℝ), (j : ℝ))) (Finset.Icc 2 n) → q ∈ Finset.image (fun j : ℕ => ((1 : ℝ), (j : ℝ))) (Finset.Icc 2 n) → p ∈ l → q ∈ l → p = q ∧ ∀ p q : ℝ × ℝ, p ∈ Finset.image (fun i : ℕ => ((i : ℝ), (1 : ℝ))) (Finset.Icc 2 n) → q ∈ Finset.image (fun i : ℕ => ((i : ℝ), (1 : ℝ))) (Finset.Icc 2 n) → p ∈ l → q ∈ l → p = q := by
        aesop;
        · cases h_sunny l left ; aesop;
          exact mul_left_cancel₀ left_4 <| by linarith;
        · cases h_sunny l left ; aesop;
          exact_mod_cast ( mul_left_cancel₀ left_3 <| by linarith : ( x : ℝ ) = x_1 );
      -- By combining h_inter and h_not_parallel, we can conclude that for each l in L \ {L1}, there exists a unique point in PtsX and a unique point in PtsY that lie on l.
      have h_unique : ∀ l ∈ L \ {L1}, (∃! p : ℝ × ℝ, p ∈ Finset.image (fun j : ℕ => ((1 : ℝ), (j : ℝ))) (Finset.Icc 2 n) ∧ p ∈ l) ∧ (∃! q : ℝ × ℝ, q ∈ Finset.image (fun i : ℕ => ((i : ℝ), (1 : ℝ))) (Finset.Icc 2 n) ∧ q ∈ l) := by
        intro l hl;
        bound;
        · obtain ⟨ p, hp₁, hp₂ ⟩ := h_inter l hl |>.1;
          exact ⟨ p, ⟨ hp₁, hp₂ ⟩, fun q hq => h_not_parallel l hl q p hq.1 hp₁ hq.2 hp₂ |>.1 ⟩;
        · obtain ⟨ q, hq₁, hq₂ ⟩ := h_inter l hl |>.2;
          use q;
          grind;
      exact ⟨ L1, hL1_in, hL1_cover, h_unique ⟩

/-
Let $n \ge 3$. If a set $\mathcal{L}$ of $n$ sunny lines covers $S_n$, let $L_1$ be the line covering $(1,1)$. For each $j \in \{2,\dots,n\}$, there is a unique line $L_j \in \mathcal{L} \setminus \{L_1\}$ that passes through $(1,j)$. This induces a permutation $\sigma$ of $\{2,\dots,n\}$ such that $L_j$ also passes through $(\sigma(j),1)$.
-
-/
lemma lem_kn_permutation_setup (n : ℕ) (hn : n ≥ 3)
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = n) (h_sunny : ∀ l ∈ L, Sunny l)
  (h_cover : ∀ p ∈ s n, ∃ l ∈ L, p ∈ l)
  (L1 : Set (ℝ × ℝ)) (h_L1_in : L1 ∈ L) (h_L1_covers_1_1 : ((1:ℝ), (1:ℝ)) ∈ L1) :
  ∃ σ : Equiv.Perm {i // i ∈ Finset.Icc (2:ℕ) n},
    ∀ (j : {i // i ∈ Finset.Icc (2:ℕ) n}), ∃! l ∈ L \ {L1}, ((1:ℝ), (j:ℝ)) ∈ l ∧ ((((σ j):ℕ):ℝ), (1:ℝ)) ∈ l := by
      -- Let's denote the set of points $(1, j)$ for $j \in \{2, \ldots, n\}$ as $PtsX$ and the set of points $(i, 1)$ for $i \in \{2, \ldots, n\}$ as $PtsY$.
      set PtsX := Finset.image (fun j : ℕ => ((1:ℝ), (j:ℝ))) (Finset.Icc (2:ℕ) n)
      set PtsY := Finset.image (fun i : ℕ => ((i:ℝ), (1:ℝ))) (Finset.Icc (2:ℕ) n);
      have h_bijection : ∀ j : Finset.Icc (2:ℕ) n, ∃! l ∈ L \ {L1}, ((1:ℝ), (j:ℝ)) ∈ l := by
        intro j;
        have h_unique_line : ∀ j : Finset.Icc (2:ℕ) n, ∃ l ∈ L, ((1:ℝ), (j:ℝ)) ∈ l ∧ l ≠ L1 := by
          intro j;
          obtain ⟨ l, hl₁, hl₂ ⟩ := h_cover ( 1, j ) ⟨ 1, j, by norm_num, by linarith [ Finset.mem_Icc.mp j.2 ], by linarith [ Finset.mem_Icc.mp j.2 ], by norm_num ⟩;
          by_cases hl₃ : l = L1;
          · rcases h_sunny L1 h_L1_in with ⟨ a, b, c, rfl, ha, hb, hab ⟩;
            -- Subtracting the equation $a + b + c = 0$ from $a + b*j + c = 0$ gives $b*(j-1) = 0$. Since $b \neq 0$, this implies $j = 1$, which contradicts $j \geq 2$.
            have h_contra : b * (j - 1) = 0 := by
              aesop;
              exact mul_left_cancel₀ hb <| by linarith;
            exact absurd h_contra ( mul_ne_zero hb ( sub_ne_zero_of_ne ( by norm_cast; linarith [ Finset.mem_Icc.mp j.2 ] ) ) );
          · exact ⟨ l, hl₁, hl₂, hl₃ ⟩;
        choose f hf using h_unique_line;
        have h_unique_line : Finset.image f Finset.univ = L \ {L1} := by
          apply Finset.eq_of_subset_of_card_le;
          · simp_all ( config := { decide := Bool.true } ) [ Finset.image_subset_iff ];
          · rw [ Finset.card_image_of_injective ];
            · rw [ Finset.card_sdiff ] <;> aesop;
            · intros x y hxy;
              have := hf x; have := hf y; aesop;
              cases h_sunny _ left ; aesop;
              exact_mod_cast ( mul_left_cancel₀ left_4 <| by linarith : ( val_1 : ℝ ) = val_2 );
        use f j;
        aesop;
        · exact hf _ ( Finset.mem_Icc.mp property ) |>.1;
        · specialize hf val ( Finset.mem_Icc.mp property );
          grind;
        · exact hf val ( Finset.mem_Icc.mp property ) |>.2.1;
        · replace h_unique_line := Finset.ext_iff.mp h_unique_line y; aesop;
          cases h_sunny _ ( hf _ ⟨ left, right ⟩ |>.1 ) ; aesop;
          have := hf w ⟨ left, right ⟩ ; aesop;
          simp_all ( config := { decide := Bool.true } ) [ show val = w by exact_mod_cast ( mul_left_cancel₀ left_2 <| by linarith : ( val : ℝ ) = w ) ];
      -- Since these lines are distinct and cover all points (i, 1) for i in {2, ..., n}, they form a bijection between the sets {2, ..., n} and {2, ..., n}.
      have h_bijection : ∀ i : Finset.Icc (2:ℕ) n, ∃! l ∈ L \ {L1}, ((i:ℝ), (1:ℝ)) ∈ l := by
        have h_bijection : ∀ i : Finset.Icc (2:ℕ) n, ∃ l ∈ L \ {L1}, ((i:ℝ), (1:ℝ)) ∈ l := by
          have h_cover : ∀ i : Finset.Icc (2:ℕ) n, ∃ l ∈ L, ((i:ℝ), (1:ℝ)) ∈ l := by
            intro i;
            convert h_cover ( i, 1 ) _;
            exact ⟨ i, 1, by linarith [ Finset.mem_Icc.mp i.2 ], by norm_num, by linarith [ Finset.mem_Icc.mp i.2 ], by norm_num ⟩
          intro i;
          obtain ⟨ l, hl₁, hl₂ ⟩ := h_cover i;
          by_cases hl₃ : l = L1;
          · rcases h_sunny L1 h_L1_in with ⟨ a, b, c, rfl, ha, hb, hab ⟩;
            simp_all ( config := { decide := Bool.true } );
            exact False.elim <| ha <| by nlinarith [ show ( i : ℝ ) ≥ 2 by norm_cast; linarith [ Finset.mem_Icc.mp i.2 ] ] ;
          · exact ⟨ l, Finset.mem_sdiff.mpr ⟨ hl₁, by aesop ⟩, hl₂ ⟩;
        choose f hf using h_bijection;
        have h_bijection : Finset.image f Finset.univ = L \ {L1} := by
          apply Finset.eq_of_subset_of_card_le;
          · exact Finset.image_subset_iff.mpr fun i _ => hf i |>.1;
          · rw [ Finset.card_image_of_injective ];
            · rw [ Finset.card_sdiff ] <;> aesop;
            · intros i j hij;
              have := hf i; have := hf j; aesop;
              cases h_sunny _ left ; aesop;
              exact_mod_cast ( mul_left_cancel₀ left_1 <| by linarith : ( val : ℝ ) = val_1 );
        -- Since $f$ is injective, each line in $L \setminus \{L1\}$ corresponds to exactly one $i$.
        have h_injective : Function.Injective f := by
          intros i j hij;
          have := hf i; have := hf j; aesop;
          cases h_sunny _ left ; aesop;
          exact_mod_cast ( mul_left_cancel₀ left_1 <| by linarith : ( val : ℝ ) = val_1 );
        intro i;
        refine' ⟨ f i, hf i, fun l hl => _ ⟩;
        replace h_bijection := Finset.ext_iff.mp h_bijection l; aesop;
        cases h_sunny _ ( hf _ ⟨ left_1, right_2 ⟩ |>.1.1 ) ; aesop;
        have := hf w ⟨ left_1, right_2 ⟩ ; aesop;
        cases eq_or_ne val w <;> simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
        exact False.elim <| ‹¬val = w› <| Nat.cast_injective ( mul_left_cancel₀ left <| by linarith : ( val : ℝ ) = w );
      choose σ hσ₁ hσ₂ using ‹∀ j : Finset.Icc ( 2 : ℕ ) n, ∃! l : Set ( ℝ × ℝ ), l ∈ L \ { L1 } ∧ ( 1, ( j : ℝ ) ) ∈ l›;
      choose f hf using h_bijection;
      -- Since σ and f are both bijections, we can define a permutation σ' that maps each j to the unique i such that σ j = f i.
      obtain ⟨σ', hσ'⟩ : ∃ σ' : Equiv.Perm (Finset.Icc (2:ℕ) n), ∀ j : Finset.Icc (2:ℕ) n, σ j = f (σ' j) := by
        have h_bijection : ∀ j : Finset.Icc (2:ℕ) n, ∃ i : Finset.Icc (2:ℕ) n, σ j = f i := by
          have h_bijection : Finset.image σ Finset.univ = Finset.image f Finset.univ := by
            have h_bijection : Finset.image σ Finset.univ = L \ {L1} ∧ Finset.image f Finset.univ = L \ {L1} := by
              constructor;
              · apply Finset.eq_of_subset_of_card_le;
                · exact Finset.image_subset_iff.mpr fun x _ => hσ₁ x |>.1;
                · norm_num +zetaDelta at *;
                  rw [ Finset.card_image_of_injective ];
                  · simp ( config := { decide := Bool.true } ) [ Finset.card_sdiff, * ];
                  · intros a b hab;
                    have := hσ₁ a ( Finset.mem_Icc.mp a.2 ) ; have := hσ₁ b ( Finset.mem_Icc.mp b.2 ) ; aesop;
                    cases h_sunny _ left ; aesop;
                    exact_mod_cast ( mul_left_cancel₀ left_2 <| by linarith : ( val : ℝ ) = val_1 );
              · -- Since $f$ is a bijection between the universal set and $L \setminus \{L1\}$, the image of $f$ must be exactly $L \setminus \{L1\}$.
                have h_bijection : Finset.card (Finset.image f Finset.univ) = Finset.card (L \ {L1}) := by
                  field_simp;
                  rw [ Finset.card_image_of_injective ];
                  · simp +zetaDelta at *;
                    rw [ Finset.card_sdiff ] <;> aesop;
                  · intros i j hij;
                    -- Since $f i = f j$, both $i$ and $j$ must be the same because the line is unique.
                    have h_unique : ∀ l ∈ L \ {L1}, ∀ i j : Finset.Icc (2:ℕ) n, ((i:ℝ), (1:ℝ)) ∈ l → ((j:ℝ), (1:ℝ)) ∈ l → i = j := by
                      norm_num +zetaDelta at *;
                      intro l hl hl' a ha₁ ha₂ b hb₁ hb₂ ha₃ hb₃; specialize h_sunny l hl; rcases h_sunny with ⟨ a', b', c', rfl, ha₄, hb₄, hab ⟩ ; norm_num at *;
                      exact_mod_cast ( mul_left_cancel₀ ha₄ <| by linarith : ( a : ℝ ) = b );
                    exact h_unique _ ( hf i |>.1.1 ) _ _ ( hf i |>.1.2 ) ( hij ▸ hf j |>.1.2 );
                exact Finset.eq_of_subset_of_card_le ( Finset.image_subset_iff.mpr fun i _ => hf i |>.1.1 ) h_bijection.ge;
            rw [h_bijection.left, h_bijection.right];
          intro j;
          -- Since the images of σ and f are equal, for each j, there must be an i such that σ j = f i.
          have h_exists_i : ∀ j : Finset.Icc (2:ℕ) n, ∃ i : Finset.Icc (2:ℕ) n, σ j = f i := by
            intro j
            have h_in_image : σ j ∈ Finset.image f Finset.univ := by
              exact h_bijection ▸ Finset.mem_image_of_mem σ ( Finset.mem_univ j )
            simpa [ eq_comm ] using Finset.mem_image.mp h_in_image;
          exact h_exists_i j;
        choose σ' hσ' using h_bijection;
        have h_bijection : Function.Injective σ' := by
          intros j j' hj;
          have := hσ₁ j; have := hσ₁ j'; simp_all ( config := { decide := Bool.true } ) ;
          cases h_sunny _ ( by tauto ) ; aesop;
          -- Since σ ⟨val, property⟩ = σ ⟨val_1, property_1⟩, and σ is injective, we have val = val_1.
          have h_inj : σ ⟨val, property⟩ = σ ⟨val_1, property_1⟩ → val = val_1 := by
            intros h; cases h_sunny _ left; aesop;
            exact_mod_cast ( mul_left_cancel₀ left_4 <| by linarith : ( val : ℝ ) = val_1 );
          -- Since σ' ⟨val, property⟩ = σ' ⟨val_1, property_1⟩, we can use hσ' to conclude that σ ⟨val, property⟩ = σ ⟨val_1, property_1⟩.
          have h_eq : σ ⟨val, property⟩ = σ ⟨val_1, property_1⟩ := by
            rw [ hσ', hσ', hj ];
            · exact Finset.mem_Icc.mp property_1;
            · exact Finset.mem_Icc.mp property;
          exact h_inj h_eq;
        exact ⟨ Equiv.ofBijective σ' ⟨ h_bijection, Finite.injective_iff_surjective.mp h_bijection ⟩, hσ' ⟩;
      use σ';
      intro j;
      use σ j;
      grind

/-
The permutation $\sigma$ from Lemma~\ref{lem:kn_permutation_setup} must be a derangement, i.e., $\sigma(j) \ne j$ for all $j \in \{2, \dots, n\}$.
-
-/
lemma lem_kn_derangement (n : ℕ) (hn : n ≥ 3)
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = n) (h_sunny : ∀ l ∈ L, Sunny l)
  (h_cover : ∀ p ∈ s n, ∃ l ∈ L, p ∈ l)
  (L1 : Set (ℝ × ℝ)) (h_L1_in : L1 ∈ L) (h_L1_covers_1_1 : ((1:ℝ), (1:ℝ)) ∈ L1)
  (σ : Equiv.Perm {i // i ∈ Finset.Icc (2:ℕ) n})
  (h_sigma_prop : ∀ (j : {i // i ∈ Finset.Icc (2:ℕ) n}), ∃! l ∈ L \ {L1}, ((1:ℝ), (j:ℝ)) ∈ l ∧ ((((σ j):ℕ):ℝ), (1:ℝ)) ∈ l) :
  ∀ (j : {i // i ∈ Finset.Icc (2:ℕ) n}), σ j ≠ j := by
    intro j hj;
    obtain ⟨ l, hl₁, hl₂ ⟩ := ExistsUnique.exists ( h_sigma_prop j );
    obtain ⟨ a, b, c, rfl, ha, hb, hab ⟩ := h_sunny l ( Finset.mem_sdiff.mp hl₁ |>.1 );
    simp_all ( config := { decide := Bool.true } );
    exact hab ( by nlinarith [ show ( j : ℝ ) ≥ 2 by exact_mod_cast Finset.mem_Icc.mp j.2 |>.1 ] )

/-
For $j \in \{2, \dots, n\}$, the line $L_j$ from Lemma~\ref{lem:kn_permutation_setup} has the equation $x(j-1) + y(\sigma(j)-1) = j\sigma(j)-1$.
-
-/
lemma lem_kn_line_equation (n : ℕ) (hn : n ≥ 3)
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = n) (h_sunny : ∀ l ∈ L, Sunny l)
  (L1 : Set (ℝ × ℝ)) (h_L1_in : L1 ∈ L)
  (σ : Equiv.Perm {i // i ∈ Finset.Icc (2:ℕ) n})
  (j : {i // i ∈ Finset.Icc (2:ℕ) n})
  (l : Set (ℝ × ℝ)) (hl : l ∈ L \ {L1})
  (h_lj : ((1:ℝ), (j:ℝ)) ∈ l ∧ ((((σ j):ℕ):ℝ), (1:ℝ)) ∈ l) :
  let j_val := (j : ℕ);
  let sj_val := ((σ j) : ℕ);
  l = { v | v.1 * ((j_val : ℝ) - 1) + v.2 * ((sj_val : ℝ) - 1) = (j_val : ℝ) * (sj_val : ℝ) - 1 } := by
    -- By definition of $l$, we know that it passes through $(1, j)$ and $(\sigma(j), 1)$.
    obtain ⟨a, b, c, hl_eq, ha, hb, hab⟩ := h_sunny l (Finset.mem_sdiff.mp hl).left;
    norm_num [ hl_eq ] at *;
    -- By solving the system of equations given by h_lj, we can express a and c in terms of b and the coordinates of j and σ(j).
    have h_sol : a = b * (1 - j.val) / (1 - (σ j).val) ∧ c = -b * (1 - j.val * (σ j).val) / (1 - (σ j).val) := by
      constructor <;> rw [ eq_div_iff ];
      · linarith;
      · exact sub_ne_zero_of_ne ( Ne.symm ( by norm_cast; linarith [ Finset.mem_Icc.mp ( σ j |>.2 ) ] ) );
      · cases lt_or_gt_of_ne ha <;> cases lt_or_gt_of_ne hb <;> nlinarith;
      · exact sub_ne_zero_of_ne ( Ne.symm ( by norm_cast; linarith [ Finset.mem_Icc.mp ( σ j |>.2 ) ] ) );
    -- Substitute the expressions for $a$ and $c$ into the equation $a*x + b*y + c = 0$ and simplify.
    have h_eq : ∀ x y : ℝ, a * x + b * y + c = 0 ↔ x * (j.val - 1) + y * ((σ j).val - 1) = j.val * (σ j).val - 1 := by
      intro x y; rw [ h_sol.1, h_sol.2 ];
      by_cases h : ( 1 - ( σ j : ℝ ) ) = 0 <;> simp_all ( config := { decide := Bool.true } ) [ field_simps ];
      constructor <;> intro <;> cases lt_or_gt_of_ne hb <;> nlinarith;
    exact?

/-
If a set of $n \ge 3$ sunny lines covers $S_n$, then the line covering $(1,1)$ must be $y=x$.
-
-/
lemma lem_kn_point_22 (n : ℕ) (hn : n ≥ 3)
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = n) (h_sunny : ∀ l ∈ L, Sunny l)
  (h_cover : ∀ p ∈ s n, ∃ l ∈ L, p ∈ l)
  (L1 : Set (ℝ × ℝ)) (h_L1_in : L1 ∈ L) (h_L1_covers_1_1 : ((1:ℝ), (1:ℝ)) ∈ L1) :
  L1 = {v | v.1 = v.2} := by
    -- By Lemma~\ref{lem:kn_setup}, the point $(2,2)$ must be covered by $L_1$.
    have h_cover_2_2 : ((2:ℝ), (2:ℝ)) ∈ L1 := by
      -- If $(2,2)$ is covered by some $l \in L \setminus \{L1\}$, then $(2,2)$ must be the unique point in $l$ that lies on the line $x=y$.
      by_contra h_contra
      obtain ⟨l, hlL, hl⟩ : ∃ l ∈ L \ {L1}, ((2:ℝ), (2:ℝ)) ∈ l := by
        norm_num +zetaDelta at *;
        exact Exists.elim ( h_cover 2 2 ⟨ 2, 2, by norm_num, by norm_num, by linarith, by norm_num ⟩ ) fun l hl => ⟨ l, ⟨ hl.1, by rintro rfl; exact h_contra hl.2 ⟩, hl.2 ⟩;
      bound;
      -- Since $l$ is sunny, it must intersect the line $x=1$ at exactly one point and the line $y=1$ at exactly one point.
      obtain ⟨j, hj⟩ : ∃ j : Finset.Icc (2:ℕ) L.card, ((1:ℝ), (j:ℝ)) ∈ l := by
        have h_inter_x1 : ∀ j ∈ Finset.Icc (2:ℕ) L.card, ∃ l ∈ L \ {L1}, ((1:ℝ), (j:ℝ)) ∈ l := by
          intro j hj;
          obtain ⟨ l, hlL, hl ⟩ := h_cover ( 1, j ) ⟨ 1, j, by norm_num, by linarith [ Finset.mem_Icc.mp hj ], by linarith [ Finset.mem_Icc.mp hj ], by norm_num ⟩;
          by_cases hlL1 : l = L1;
          · rcases h_sunny L1 h_L1_in with ⟨ a, b, c, rfl, ha, hb, hab ⟩;
            simp_all ( config := { decide := Bool.true } );
            -- Subtracting the second equation from the first gives b*(j-1) = 0. Since b ≠ 0, this implies j = 1, which contradicts hj.
            have h_contra : j = 1 := by
              exact_mod_cast ( mul_left_cancel₀ hb <| by linarith : ( j : ℝ ) = 1 );
            linarith;
          · exact ⟨ l, Finset.mem_sdiff.mpr ⟨ hlL, by aesop ⟩, hl ⟩;
        choose! f hf using h_inter_x1;
        have h_inter_x1 : Finset.image f (Finset.Icc (2:ℕ) L.card) = L \ {L1} := by
          apply Finset.eq_of_subset_of_card_le;
          · exact Finset.image_subset_iff.mpr fun x hx => hf x hx |>.1;
          · rw [ Finset.card_image_of_injOn ];
            · rw [ Finset.card_sdiff ] <;> aesop;
            · intros x hx y hy; have := hf x hx; have := hf y hy; aesop;
              cases h_sunny _ ( hf x left_1 right_1 |>.1.1 ) ; aesop;
              have := hf y left_2 right_2; aesop;
              exact_mod_cast ( mul_left_cancel₀ left_4 <| by linarith : ( x : ℝ ) = y );
        replace h_inter_x1 := Finset.ext_iff.mp h_inter_x1 l; aesop;
      obtain ⟨i, hi⟩ : ∃ i : Finset.Icc (2:ℕ) L.card, (((i:ℝ), (1:ℝ)) ∈ l) := by
        have := lem_kn_setup L.card hn L ( by linarith ) h_sunny h_cover;
        obtain ⟨ L1, hL1_in, hL1_covers_1_1, hL1_cover ⟩ := this;
        -- By hypothesis hL1_cover, there exists a unique q in PtsY such that q is in l. Since PtsY is the image of the function that maps i to (i, 1) for i in 2 to L.card, there must be some i in this range where (i, 1) is in l.
        obtain ⟨q, hq⟩ : ∃ q ∈ Finset.image (fun i : ℕ => ((i : ℝ), (1 : ℝ))) (Finset.Icc (2:ℕ) L.card), q ∈ l := by
          -- By hypothesis hL1_cover, there exists a unique q in PtsY such that q is in l. Since PtsY is the image of the function that maps i to (i, 1) for i in 2 to L.card, there must be some i in this range where (i, 1) is in l. Hence, we can conclude that such a q exists.
          specialize hL1_cover l (by
          norm_num +zetaDelta at *;
          bound;
          rcases h_sunny l left with ⟨ a, b, c, rfl, ha, hb, hab ⟩;
          norm_num at *;
          exact hab ( by nlinarith [ show ( val : ℝ ) ≥ 2 by norm_cast; linarith [ Finset.mem_Icc.mp property ] ] ));
          exact hL1_cover.2.exists;
        aesop;
      rcases h_sunny l ( Finset.mem_sdiff.mp hlL |>.1 ) with ⟨ a, b, c, rfl, ha, hb, hab ⟩;
      rcases j with ⟨ _ | _ | _ | j, hj ⟩ <;> rcases i with ⟨ _ | _ | _ | i, hi ⟩ <;> norm_num at *;
      all_goals simp_all ( config := { decide := Bool.true } );
      · exact hab ( by linarith );
      · exact ha ( by nlinarith );
      · exact hab ( by nlinarith );
      · by_cases h : j = i;
        · exact hab ( by subst h; nlinarith );
        · exact h ( Nat.cast_injective ( by cases lt_or_gt_of_ne ha <;> cases lt_or_gt_of_ne hb <;> cases lt_or_gt_of_ne hab <;> nlinarith : ( j : ℝ ) = i ) );
    -- Since L1 is a sunny line, it must be of the form ax + by + c = 0 where a and b are non-zero and a ≠ b. Given that (1,1) and (2,2) are on this line, we can derive that a = -b.
    obtain ⟨a, b, c, hL1_eq, ha, hb, hab⟩ := h_sunny L1 h_L1_in;
    simp_all ( config := { decide := Bool.true } );
    norm_num [ show a = -b by linarith ] at *;
    exact Set.ext fun x => by aesop; cases lt_or_gt_of_ne ha <;> nlinarith;

/-
Suppose a set of 4 sunny lines covers $S_4$. Then one line is $y=x$, and the other three lines $L_2, L_3, L_4$ are determined by a derangement $\sigma$ of $\{2,3,4\}$.
-
-/
lemma lem_kn_impossible_n4_setup
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = 4) (h_sunny : ∀ l ∈ L, Sunny l)
  (h_cover : ∀ p ∈ s 4, ∃ l ∈ L, p ∈ l) :
  ∃ (σ : Equiv.Perm {i // i ∈ Finset.Icc (2:ℕ) 4}) (h_derangement : ∀ j, σ j ≠ j),
    L = insert {v | v.1 = v.2}
      (Finset.image (fun j : {i // i ∈ Finset.Icc (2:ℕ) 4} =>
        { v | v.1 * ((j : ℝ) - 1) + v.2 * ((σ j : ℝ) - 1) = (j : ℝ) * (σ j : ℝ) - 1 }) Finset.univ) := by
          -- By Lemma~\ref{lem:kn_point_22}, the line covering $(1,1)$ must be $y=x$.
          obtain ⟨L1, hL1_in, hL1_covers_1_1⟩ : ∃ L1 ∈ L, ((1:ℝ), (1:ℝ)) ∈ L1 ∧ L1 = {v : ℝ × ℝ | v.1 = v.2} := by
            have := lem_kn_point_22 4 ( by norm_num ) L h_card h_sunny h_cover;
            obtain ⟨ L1, hL1 ⟩ := h_cover ( 1, 1 ) ⟨ 1, 1, by norm_num ⟩;
            -- Apply the lemma to conclude that L1 must be the line y=x.
            apply Exists.intro L1 ⟨hL1.left, hL1.right, this L1 hL1.left hL1.right⟩;
          -- Apply lem_kn_permutation_setup to obtain the permutation σ.
          obtain ⟨σ, hσ⟩ : ∃ σ : Equiv.Perm {i : ℕ // i ∈ Finset.Icc (2:ℕ) 4}, ∀ j : {i : ℕ // i ∈ Finset.Icc (2:ℕ) 4}, ∃! l ∈ L \ {L1}, ((1:ℝ), (j:ℝ)) ∈ l ∧ ((((σ j):ℕ):ℝ), (1:ℝ)) ∈ l := by
            apply lem_kn_permutation_setup;
            simp +zetaDelta at *;
            · exact h_card;
            · -- Apply the hypothesis that all lines in L are sunny.
              apply h_sunny;
            · assumption;
            · assumption;
            · exact hL1_covers_1_1.1;
          refine' ⟨ σ, _, _ ⟩;
          · -- By Lemma~\ref{lem:kn_derangement}, σ is a derangement, so σ(j) ≠ j for all j.
            intros j
            apply lem_kn_derangement;
            all_goals tauto;
          · have h_lines : ∀ j : Finset.Icc (2:ℕ) 4, let l := Classical.choose (hσ j).exists; l ∈ L ∧ l ≠ L1 ∧ ((1:ℝ), (j:ℝ)) ∈ l ∧ (((σ j):ℝ), (1:ℝ)) ∈ l ∧ l = {v : ℝ × ℝ | v.1 * ((j : ℝ) - 1) + v.2 * ((σ j : ℝ) - 1) = (j : ℝ) * (σ j : ℝ) - 1} := by
              -- By Lemma~\ref{lem:kn_line_equation}, the line $l$ must satisfy the equation $x(j-1) + y(\sigma(j)-1) = j\sigma(j)-1$.
              intros j
              set l := Classical.choose (hσ j).exists
              have hl : l ∈ L ∧ l ≠ L1 ∧ ((1:ℝ), (j:ℝ)) ∈ l ∧ (((σ j):ℝ), (1:ℝ)) ∈ l := by
                have := Classical.choose_spec ( hσ j |> ExistsUnique.exists ) ; aesop;
              have := lem_kn_line_equation 4 ( by norm_num ) L h_card h_sunny L1 hL1_in σ j l;
              simp +zetaDelta at *;
              exact ⟨ hl.1, hl.2.1, hl.2.2.1, hl.2.2.2, this hl.1 hl.2.1 hl.2.2.1 hl.2.2.2 ⟩;
            -- Let's denote the lines in $L$ that are not $L1$ as $L2$, $L3$, and $L4$.
            have h_lines_non_L1 : Finset.image (fun j : Finset.Icc (2:ℕ) 4 => Classical.choose (hσ j).exists) Finset.univ = L \ {L1} := by
              apply Finset.eq_of_subset_of_card_le;
              · simp_all ( config := { decide := Bool.true } ) [ Finset.image_subset_iff ];
                intro a b; specialize h_lines a b; aesop;
              · rw [ Finset.card_image_of_injective _ fun x y hxy => _ ];
                · rw [ Finset.card_sdiff ] <;> aesop;
                · bound;
                  have := Classical.choose_spec ( hσ ⟨ val, property ⟩ |> ExistsUnique.exists ) ; have := Classical.choose_spec ( hσ ⟨ val_1, property_1 ⟩ |> ExistsUnique.exists ) ; aesop;
                  cases h_sunny _ left ; aesop;
                  exact_mod_cast ( mul_left_cancel₀ left_4 <| by linarith : ( val : ℝ ) = val_1 );
            rw [ Finset.ext_iff ] at *;
            simp +zetaDelta at *;
            grind

/-
For $n=4$, it is impossible for a set of 4 sunny lines to cover $S_4$.
-
-/
lemma lem_kn_impossible_n4 :
  ¬ (∃ L : Finset (Set (ℝ × ℝ)), L.card = 4 ∧ (∀ l ∈ L, Sunny l) ∧ (∀ p ∈ s 4, ∃ l ∈ L, p ∈ l)) := by
    -- Apply the lemma that states any set of 4 sunny lines covering S_4 must be of the form described in Lemma~\ref{lem:kn_impossible_n4_setup}.
    have h_config : ∀ L : Finset (Set (ℝ × ℝ)), L.card = 4 → (∀ l ∈ L, Sunny l) → (∀ p ∈ s 4, ∃ l ∈ L, p ∈ l) → ∃ σ : Equiv.Perm {i // i ∈ Finset.Icc (2:ℕ) 4}, (∀ j, σ j ≠ j) ∧ L = insert {v | v.1 = v.2} (Finset.image (fun j : {i // i ∈ Finset.Icc (2:ℕ) 4} => { v | v.1 * ((j : ℝ) - 1) + v.2 * ((σ j : ℝ) - 1) = (j : ℝ) * (σ j : ℝ) - 1 }) Finset.univ) := by
      bound;
      -- Apply the lemma that states any set of 4 sunny lines covering S_4 must be of the form described in Lemma~\ref{lem:kn_impossible_n4_setup} to obtain the permutation σ.
      obtain ⟨σ, hσ⟩ := lem_kn_impossible_n4_setup L a a_1 a_2;
      use σ;
      exact ⟨ hσ.1, hσ.2 ⟩;
    intro h;
    -- Apply the lemma h_config to the set L from h to obtain the permutation σ and the structure of L.
    obtain ⟨L, hL_card, hL_sunny, hL_cover⟩ := h;
    obtain ⟨σ, hσ_derangement, hL_structure⟩ := h_config L hL_card hL_sunny hL_cover;
    subst hL_structure;
    fin_cases σ <;> simp ( config := { decide := Bool.true } ) at hσ_derangement hL_cover;
    · contrapose! hL_cover;
      refine' ⟨ 2, 3, _, _, _ ⟩ <;> norm_num;
      · exact ⟨ 2, 3, by norm_num ⟩;
      · rintro a x hx rfl; rcases hx with ⟨ hx₁, hx₂ ⟩ ; interval_cases x <;> norm_num [ Equiv.swap_apply_def ];
    · contrapose! hL_cover;
      refine' ⟨ 2, 3, _, _, _ ⟩ <;> norm_num;
      · exact ⟨ 2, 3, by norm_num ⟩;
      · rintro a x hx rfl; rcases hx with ⟨ hx₁, hx₂ ⟩ ; interval_cases x <;> norm_num [ Equiv.swap_apply_def ] ;

/-
Suppose for $n \ge 5$ a set of $n$ sunny lines covers $S_n$. Then the permutation $\sigma$ from Lemma~\ref{lem:kn_permutation_setup} must satisfy $\sigma(5)=3$ and $\sigma(3)=5$.
-
-/
lemma lem_kn_impossible_n_ge_5_point_coverage (n : ℕ) (hn : n ≥ 5)
  (L : Finset (Set (ℝ × ℝ))) (h_card : L.card = n) (h_sunny : ∀ l ∈ L, Sunny l)
  (h_cover : ∀ p ∈ s n, ∃ l ∈ L, p ∈ l)
  (σ : Equiv.Perm {i // i ∈ Finset.Icc (2:ℕ) n})
  (h_sigma_prop : ∀ (j : {i // i ∈ Finset.Icc (2:ℕ) n}), ∃! l ∈ L \ {{v | v.1 = v.2}}, ((1:ℝ), (j:ℝ)) ∈ l ∧ ((((σ j):ℕ):ℝ), (1:ℝ)) ∈ l) :
  (∃ h5 : 5 ∈ Finset.Icc (2:ℕ) n, σ (⟨5, h5⟩) = ⟨3, by
    -- Since $n \geq 5$, we have $3 \leq n$.
    have h3_le_n : 3 ≤ n := by
      linarith;
    exact Finset.mem_Icc.mpr ⟨ by norm_num, h3_le_n ⟩⟩) ∧
  (∃ h3 : 3 ∈ Finset.Icc (2:ℕ) n, σ (⟨3, h3⟩) = ⟨5, by
    norm_num; linarith⟩) := by
    constructor;
    · -- The point $(2,3) \in S_n$ (since $2+3=5 \le n+1$). It is not on $y=x$. By Lemma~\ref{lem:kn_point_22}, $y=x$ is one of the lines. So $(2,3)$ must be on some $L_j$ for $j \in \{2,\dots,n\}$. From its equation in Lemma~\ref{lem:kn_line_equation}, we have $2(j-1)+3(\sigma(j)-1)=j\sigma(j)-1$, which gives $(j-3)(\sigma(j)-2)=2$. Since $j,\sigma(j) \in \{2,\dots,n\}$ and $\sigma(j) \ne j$, the only solution is $j-3=2, \sigma(j)-2=1$, which gives $j=5, \sigma(5)=3$. This requires $n \ge 5$.
      obtain ⟨l, hl⟩ : ∃ l ∈ L \ { {v : ℝ × ℝ | v.2 = v.1} }, ((2 : ℝ), (3 : ℝ)) ∈ l := by
        -- Since $(2, 3) \in s n$, by $h_cover$, there exists a line in $L$ that contains $(2, 3)$.
        obtain ⟨l, hl₁, hl₂⟩ : ∃ l ∈ L, ((2 : ℝ), (3 : ℝ)) ∈ l := by
          -- Since (2, 3) is in S_n, we can apply the coverage hypothesis h_cover to obtain the existence of a line in L that contains it.
          apply h_cover;
          exact ⟨ 2, 3, by norm_num, by norm_num, by linarith, by norm_num ⟩;
        norm_num +zetaDelta at *;
        exact ⟨ l, ⟨ hl₁, by rintro rfl; exact absurd hl₂ ( by norm_num ) ⟩, hl₂ ⟩;
      -- By Lemma~\ref{lem:kn_line_equation}, the line $l$ must be of the form $x(j-1) + y(\sigma(j)-1) = j\sigma(j)-1$ for some $j \in \{2, \dots, n\}$.
      obtain ⟨j, hj⟩ : ∃ j : Finset.Icc 2 n, l = {v : ℝ × ℝ | v.1 * ((j : ℝ) - 1) + v.2 * ((σ j : ℝ) - 1) = (j : ℝ) * (σ j : ℝ) - 1} := by
        -- By Lemma~\ref{lem:kn_line_equation}, the line $l$ must be of the form $x(j-1) + y(\sigma(j)-1) = j\sigma(j)-1$ for some $j \in \{2, \dots, n\}$. We can find such a $j$ using the properties of the lines in $L$.
        obtain ⟨j, hj⟩ : ∃ j : Finset.Icc 2 n, (1, (j : ℝ)) ∈ l ∧ (((σ j) : ℝ), (1 : ℝ)) ∈ l := by
          have h_line_eq : ∀ j : Finset.Icc 2 n, ∃ l ∈ L \ { {v : ℝ × ℝ | v.2 = v.1} }, ((1 : ℝ), (j : ℝ)) ∈ l ∧ (((σ j : ℝ), (1 : ℝ)) ∈ l) := by
            -- By hypothesis h_sigma_prop, for each j in Finset.Icc 2 n, there exists a unique line in L \ { {v | v.2 = v.1} } that contains (1, j) and (σ j, 1). Therefore, such a line exists for each j.
            intros j
            obtain ⟨l, hl⟩ := h_sigma_prop j
            use l;
            simp +zetaDelta at *;
            bound;
            simp +zetaDelta at *;
            norm_num [ left_2 ] at property;
          choose f hf using h_line_eq;
          have h_line_eq : Finset.image f Finset.univ = L \ { {v : ℝ × ℝ | v.2 = v.1} } := by
            apply Finset.eq_of_subset_of_card_le;
            · exact Finset.image_subset_iff.mpr fun j _ => hf j |>.1;
            · rw [ Finset.card_image_of_injective ];
              · rw [ Finset.card_sdiff ] <;> aesop;
                have := lem_kn_point_22 L.card ( by linarith ) L;
                simp +zetaDelta at *;
                specialize this h_sunny h_cover;
                obtain ⟨ l, hl₁, hl₂ ⟩ := h_cover 1 1 ⟨ 1, 1, by norm_num, by norm_num, by linarith, by norm_num ⟩;
                specialize this l hl₁ hl₂ ; aesop;
                simpa only [ Set.ext_iff, eq_comm ] using hl₁;
              · intros j j' hj;
                have := hf j; have := hf j'; aesop;
                cases h_sunny _ left_1 ; aesop;
                exact_mod_cast ( mul_left_cancel₀ left_5 <| by linarith : ( val : ℝ ) = val_1 );
          replace h_line_eq := Finset.ext_iff.mp h_line_eq l; aesop;
          exact ⟨ w, hf w ⟨ left_1, right_2 ⟩ |>.2.1, ⟨ left_1, right_2 ⟩, hf w ⟨ left_1, right_2 ⟩ |>.2.2 ⟩;
        use j;
        -- By Lemma~\ref{lem:kn_line_equation}, the line $l$ must satisfy the equation $x(j-1) + y(\sigma(j)-1) = j\sigma(j)-1$.
        apply lem_kn_line_equation;
        any_goals tauto;
        · grind;
        · have := lem_kn_point_22 n ( by linarith ) L h_card h_sunny h_cover;
          specialize h_cover ( 1, 1 ) ; aesop;
          specialize h_cover ⟨ 1, 1, by norm_num, by norm_num, by linarith, by norm_num ⟩ ; aesop;
          specialize this w left_2 right_3 ; aesop;
          convert left_2 using 1;
          exact Set.ext fun x => eq_comm;
      norm_num [ hj ] at hl;
      norm_cast at hl;
      -- From the equation $(j-3)(\sigma(j)-2)=2$, we can solve for $j$ and $\sigma(j)$.
      have h_solve : (j - 3 : ℤ) * (σ j - 2 : ℤ) = 2 := by
        norm_num [ Int.subNatNat_eq_coe ] at hl; linarith;
      have : ( j : ℤ ) - 3 ∣ 2 := h_solve ▸ dvd_mul_right _ _;
      have : ( j : ℤ ) - 3 ≤ 2 := Int.le_of_dvd ( by norm_num ) this; ( have : ( j : ℤ ) - 3 ≥ -2 := neg_le_of_abs_le ( Int.le_of_dvd ( by norm_num ) ( by rwa [ abs_dvd ] ) ) ; interval_cases _ : ( j : ℤ ) - 3 <;> simp_all ( config := { decide := Bool.true } ) );
      · linarith [ Finset.mem_Icc.mp ( σ j |>.2 ) ];
      · exact absurd h_solve ( by linarith [ Finset.mem_Icc.mp ( σ j |>.2 ) ] );
      · norm_num [ show ( j : ℕ ) = 4 by linarith ] at *;
        norm_num [ show ( σ j : ℕ ) = 4 by linarith ] at *;
        norm_num [ Int.subNatNat ] at hl;
        exact absurd ( h_sunny _ hl.1 ) ( by rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩ ; rw [ Set.ext_iff ] at h₁ ; have h₅ := h₁ ( 0, 5 ) ; have h₆ := h₁ ( 5, 0 ) ; have h₇ := h₁ ( 1, 4 ) ; have h₈ := h₁ ( 4, 1 ) ; norm_num at h₅ h₆ h₇ h₈ ; cases lt_or_gt_of_ne h₂ <;> cases lt_or_gt_of_ne h₃ <;> cases lt_or_gt_of_ne h₄ <;> linarith );
      · simp_all ( config := { decide := Bool.true } ) [ sub_eq_iff_eq_add ]
        generalize_proofs at *;
        norm_cast at *;
        exact Subtype.eq ( by aesop );
    · -- By Lemma~\ref{lem:kn_point_22}, $y=x$ is one of the lines. So $(3,2)$ must be on some $L_i$. This gives $3(i-1)+2(\sigma(i)-1)=i\sigma(i)-1$, which yields $(i-2)(\sigma(i)-3)=2$.
      obtain ⟨i, hi⟩ : ∃ i : Finset.Icc (2 : ℕ) n, (3 : ℝ) * ((i : ℝ) - 1) + 2 * ((σ i : ℝ) - 1) = (i : ℝ) * (σ i : ℝ) - 1 := by
        field_simp;
        -- Since $(3, 2) \in s_n$, there must be a line in $L$ that contains this point.
        obtain ⟨l, hl⟩ : ∃ l ∈ L, (3, 2) ∈ l := by
          exact h_cover _ ⟨ 3, 2, by norm_num, by norm_num, by linarith, by norm_num ⟩;
        by_cases hl_eq : l = {v : ℝ × ℝ | v.2 = v.1};
        · norm_num [ hl_eq ] at hl;
        · obtain ⟨j, hj⟩ : ∃ j : Finset.Icc (2 : ℕ) n, l ∈ L \ { {v : ℝ × ℝ | v.2 = v.1} } ∧ (1, (j : ℝ)) ∈ l ∧ ((σ j : ℝ), 1) ∈ l := by
            have h_image : Finset.image (fun j : Finset.Icc (2 : ℕ) n => Classical.choose (h_sigma_prop j)) Finset.univ = L \ { {v : ℝ × ℝ | v.2 = v.1} } := by
              apply Finset.eq_of_subset_of_card_le;
              · -- By definition of $h_sigma_prop$, each chosen line is in $L \setminus \{ {v | v.2 = v.1} \}$.
                intros l hl
                obtain ⟨j, hj⟩ := Finset.mem_image.mp hl
                have h_line_in_L : Classical.choose (h_sigma_prop j) ∈ L \ { {v : ℝ × ℝ | v.2 = v.1} } := by
                  bound;
                  have := Classical.choose_spec ( h_sigma_prop ⟨ val, property ⟩ );
                  simpa [ eq_comm ] using this.1.1;
                aesop;
              · rw [ Finset.card_image_of_injective ];
                · rw [ Finset.card_sdiff ] <;> aesop;
                  have := lem_kn_point_22 L.card ( by linarith ) L;
                  contrapose! this;
                  have := lem_kn_setup L.card ( by linarith ) L;
                  norm_num +zetaDelta at *;
                  -- Since $L1$ is in $L$ and $y=x$ is not in $L$, $L1$ cannot be $y=x$.
                  obtain ⟨L1, hL1_in, hL1_cover⟩ := this h_sunny h_cover;
                  have hL1_ne_yx : L1 ≠ {v : ℝ × ℝ | v.2 = v.1} := by
                    grind;
                  exact ⟨ h_sunny, h_cover, L1, hL1_in, hL1_cover.1, by simpa [ eq_comm ] using hL1_ne_yx ⟩;
                · intros j j' hj;
                  simp +zetaDelta at *;
                  have := Classical.choose_spec ( h_sigma_prop j ) |>.1; have := Classical.choose_spec ( h_sigma_prop j' ) |>.1; aesop;
                  cases h_sunny _ left_2 ; aesop;
                  exact_mod_cast ( mul_left_cancel₀ left_5 <| by linarith : ( val : ℝ ) = val_1 );
            -- Since $l \in L \setminus \{ {v | v.2 = v.1} \}$, by the definition of image, there exists a $j$ such that $l = \text{Classical.choose}(\text{h_sigma_prop}(j))$.
            obtain ⟨j, hj⟩ : ∃ j : Finset.Icc (2 : ℕ) n, l = Classical.choose (h_sigma_prop j) := by
              replace h_image := Finset.ext_iff.mp h_image l; aesop;
            -- By definition of choose, the chosen l for j is in L \ { {v | v.2 = v.1} } and contains the required points.
            use j;
            have := Classical.choose_spec ( h_sigma_prop j );
            simp +zetaDelta at *;
            grind;
          use j.val;
          simp +zetaDelta at *;
          cases h_sunny l hl.1 ; aesop;
          · exact Finset.mem_Icc.mp property |>.1;
          · linarith [ Finset.mem_Icc.mp property ];
          · cases lt_or_gt_of_ne left_1 <;> cases lt_or_gt_of_ne left_3 <;> nlinarith;
      have h_sigma_3 : i.val = 3 ∧ (σ i).val = 5 := by
        norm_cast at hi;
        norm_num [ Int.subNatNat_eq_coe ] at hi;
        have h_i_sigma_i : (i.val - 2) * ((σ i).val - 3) = 2 := by
          rw [ Nat.mul_sub_left_distrib, Nat.mul_sub_right_distrib ];
          exact Nat.sub_eq_of_eq_add <| Nat.sub_eq_of_eq_add <| by nlinarith only [ hi, Nat.sub_add_cancel <| show 2 ≤ ( i : ℕ ) from Finset.mem_Icc.mp i.2 |>.1, Nat.sub_add_cancel <| show 2 ≤ ( σ i : ℕ ) from Finset.mem_Icc.mp ( σ i |>.2 ) |>.1 ] ;
        rcases x : ( i : ℕ ) - 2 with ( _ | _ | x ) <;> rcases y : ( σ i : ℕ ) - 3 with ( _ | _ | y ) <;> simp_all ( config := { decide := Bool.true } );
        · exact ⟨ by omega, by omega ⟩;
        · rw [ Nat.sub_eq_iff_eq_add ] at x y <;> aesop;
          · have := h_sigma_prop 4 ( by norm_num; linarith );
            obtain ⟨ l, hl₁, hl₂ ⟩ := this;
            obtain ⟨ a, b, c, rfl, ha, hb, hab ⟩ := h_sunny l hl₁.1.1;
            norm_num [ y ] at hl₁;
            exact hab ( by linarith );
          · omega;
          · exact Finset.mem_Icc.mp property |>.1;
        · nlinarith only [ h_i_sigma_i ];
      bound

/-
For $n \ge 5$, it is impossible for a set of $n$ sunny lines to cover $S_n$.
-
-/
lemma lem_kn_impossible_n_ge_5 (n : ℕ) (hn : n ≥ 5) :
  ¬ (∃ L : Finset (Set (ℝ × ℝ)), L.card = n ∧ (∀ l ∈ L, Sunny l) ∧ (∀ p ∈ s n, ∃ l ∈ L, p ∈ l)) := by
    intro h;
    obtain ⟨ L, hL₁, hL₂, hL₃ ⟩ := h;
    -- Obtain the permutation σ from Lemma~\ref{lem:kn_permutation_setup}.
    obtain ⟨σ, hσ_prop⟩ : ∃ σ : Equiv.Perm {i : ℕ // i ∈ Finset.Icc (2:ℕ) n}, (∀ j : {i : ℕ // i ∈ Finset.Icc (2:ℕ) n}, ∃! l ∈ L \ { {v : ℝ × ℝ | v.1 = v.2} }, ((1:ℝ), (j:ℝ)) ∈ l ∧ ((((σ j):ℕ):ℝ), (1:ℝ)) ∈ l) := by
      -- By Lemma~\ref{lem:kn_permutation_setup}, there exists a permutation σ of {2, ..., n} such that for each j, there's a unique line in L \ { {v | v.1 = v.2} } covering (1, j) and (σ(j), 1).
      apply lem_kn_permutation_setup n (by linarith) L hL₁ hL₂ hL₃;
      · have := lem_kn_point_22 n ( by linarith ) L hL₁ hL₂ hL₃;
        obtain ⟨ l, hl₁, hl₂ ⟩ := hL₃ ( 1, 1 ) ⟨ 1, 1, by norm_num, by norm_num, by linarith, by norm_num ⟩;
        grind;
      · -- Since 1 equals 1, the point (1, 1) is in the set {v | v.1 = v.2}.
        simp;
    -- By Lemma~\ref{lem:kn_impossible_n_ge_5_point_coverage}, we have σ(5)=3 and σ(3)=5.
    have hσ_5_3 : σ ⟨5, by
      -- Since $n \geq 5$, we have $5 \in [2, n]$.
      exact Finset.mem_Icc.mpr ⟨by linarith, by linarith⟩⟩ = ⟨3, by
      norm_num; linarith⟩ := by
      -- Apply the lemma lem_kn_impossible_n_ge_5_point_coverage to obtain σ(5) = 3.
      apply (lem_kn_impossible_n_ge_5_point_coverage n hn L hL₁ hL₂ hL₃ σ hσ_prop).left.choose_spec
    have hσ_3_5 : σ ⟨3, by
      norm_num; linarith⟩ = ⟨5, by
      norm_num; linarith⟩ := by
      have := lem_kn_impossible_n_ge_5_point_coverage n hn L hL₁ hL₂ hL₃ σ hσ_prop;
      aesop;
    -- Consider the point $(2,4) \in S_n$ (since $2+4=6 \le n+1$). It is not on $y=x$, so it must be on some $L_j$ for $j \in \{2, \dots, n\}$.
    have h_point_2_4 : ∃ j : { i : ℕ // i ∈ Finset.Icc 2 n }, ∃ l ∈ L \ { {v : ℝ × ℝ | v.1 = v.2} }, ((2:ℝ), (4:ℝ)) ∈ l ∧ ((1:ℝ), (j:ℝ)) ∈ l ∧ ((((σ j):ℕ):ℝ), (1:ℝ)) ∈ l := by
      obtain ⟨ l, hl₁, hl₂ ⟩ := hL₃ ( 2, 4 ) ⟨ 2, 4, by norm_num, by norm_num, by linarith, by norm_num ⟩;
      obtain ⟨j, hj⟩ : ∃ j : { i : ℕ // i ∈ Finset.Icc 2 n }, l = Classical.choose (hσ_prop j) := by
        have h_cover : Finset.image (fun j : { i : ℕ // i ∈ Finset.Icc 2 n } => Classical.choose (hσ_prop j)) Finset.univ = L \ { {v : ℝ × ℝ | v.1 = v.2} } := by
          apply Finset.eq_of_subset_of_card_le;
          · exact Finset.image_subset_iff.mpr fun j _ => Classical.choose_spec ( hσ_prop j ) |>.1.1;
          · rw [ Finset.card_image_of_injective ];
            · rw [ Finset.card_sdiff ] <;> aesop
              generalize_proofs at *;
              have := lem_kn_point_22 L.card ( by linarith ) L ( by aesop ) ( by aesop );
              -- By hypothesis hL₃, there exists a line L1 in L that contains (1,1).
              obtain ⟨L1, hL1₁, hL1₂⟩ : ∃ L1 ∈ L, ((1:ℝ), (1:ℝ)) ∈ L1 := by
                exact hL₃ 1 1 ⟨ 1, 1, by norm_num, by norm_num, by linarith, by norm_num ⟩;
              grind;
            · intro j j' hj;
              -- If the chosen lines for j and j' are the same, then the lines corresponding to j and j' must be the same. But since each line is uniquely determined by j, this can only happen if j = j'.
              have h_unique : ∀ j j' : { i : ℕ // i ∈ Finset.Icc 2 n }, Classical.choose (hσ_prop j) = Classical.choose (hσ_prop j') → j = j' := by
                intros j j' hj
                have h_unique : ∀ l ∈ L \ { {v : ℝ × ℝ | v.1 = v.2} }, ∀ j j' : { i : ℕ // i ∈ Finset.Icc 2 n }, (1, (j : ℝ)) ∈ l → (1, (j' : ℝ)) ∈ l → j = j' := by
                  intros l hl j j' hj hj';
                  obtain ⟨ a, b, c, rfl, ha, hb, hab ⟩ := hL₂ l ( Finset.mem_sdiff.mp hl |>.1 );
                  simp +zetaDelta at *;
                  exact Subtype.eq ( Nat.cast_injective ( mul_left_cancel₀ hb <| by linarith : ( j : ℝ ) = j' ) );
                exact h_unique _ ( Classical.choose_spec ( hσ_prop j ) |>.1.1 ) _ _ ( Classical.choose_spec ( hσ_prop j ) |>.1.2.1 ) ( hj ▸ Classical.choose_spec ( hσ_prop j' ) |>.1.2.1 );
              exact h_unique j j' hj;
        -- Since $l$ is in $L \setminus \{ {v | v.1 = v.2} \}$, by the definition of image, there must exist a $j$ such that $l$ is the chosen line for $j$.
        have hl_in_image : l ∈ Finset.image (fun j : { i : ℕ // i ∈ Finset.Icc 2 n } => Classical.choose (hσ_prop j)) Finset.univ := by
          replace h_cover := Finset.ext_iff.mp h_cover l; aesop;
        simpa [ eq_comm ] using Finset.mem_image.mp hl_in_image;
      use j;
      have := Classical.choose_spec ( hσ_prop j );
      exact ⟨ _, this.1.1, hj ▸ hl₂, this.1.2.1, this.1.2.2 ⟩;
    bound;
    -- Substitute the points into the line equation and derive a contradiction.
    have h_line_eq : 2 * (val - 1) + 4 * ((σ ⟨val, property⟩ : ℕ) - 1) = val * (σ ⟨val, property⟩ : ℕ) - 1 := by
      rcases hL₂ w ( Finset.mem_sdiff.mp left |>.1 ) with ⟨ a, b, c, rfl, ha, hb, hab ⟩;
      rcases val with ( _ | _ | val ) <;> norm_num at *;
      · norm_num at property;
      · norm_num at property;
      · rw [ ← @Nat.cast_inj ℝ ] ; norm_num
        generalize_proofs at *;
        rw [ Nat.cast_sub, Nat.cast_sub ] <;> push_cast;
        · cases lt_or_gt_of_ne ha <;> cases lt_or_gt_of_ne hb <;> nlinarith;
        · exact Nat.one_le_iff_ne_zero.mpr ( mul_ne_zero ( by linarith ) ( by linarith [ Finset.mem_Icc.mp ( σ ⟨ val + 1 + 1, property ⟩ |>.2 ) ] ) );
        · exact Finset.mem_Icc.mp ( σ ⟨ val + 1 + 1, property ⟩ |>.2 ) |>.1.trans' ( by norm_num );
    rcases val with ( _ | _ | val ) <;> norm_num at *;
    · norm_num at property;
    · norm_num at property;
    · rcases x : σ ⟨ val + 1 + 1, property ⟩ with ( _ | _ | _ | _ | _ | _ | k ) <;> simp_all +arith +decide;
      · have := σ.injective ( x.trans hσ_5_3.symm ) ; simp_all ( config := { decide := Bool.true } );
      · omega;
      · norm_num [ show val = 3 by linarith ] at *
        generalize_proofs at *;
        aesop;
      · rw [ eq_tsub_iff_add_eq_of_le ] at h_line_eq;
        · rcases k with ( _ | _ | k ) <;> repeat rcases val with ( _ | _ | val ) <;> try nlinarith only [ h_line_eq ] ;
        · nlinarith only

/-
It is impossible for a set of $n$ sunny lines to cover $S_n$ for any $n \ge 4$.
-
-/
lemma lem_kn_impossible (n : ℕ) (hn : n ≥ 4) :
  ¬ (∃ L : Finset (Set (ℝ × ℝ)), L.card = n ∧ (∀ l ∈ L, Sunny l) ∧ (∀ p ∈ s n, ∃ l ∈ L, p ∈ l)) := by
    -- Split into two cases: n=4 and n≥5.
    by_cases hn4 : n = 4;
    · -- Since we have hn4 : n = 4, we can use this to rewrite the goal in terms of n=4.
      rw [hn4];
      exact?;
    · -- Apply the lemma lem_kn_impossible_n_ge_5 to the current case.
      apply lem_kn_impossible_n_ge_5 n (by
      exact hn.lt_of_ne' hn4)

/-
For any integer $n \ge 3$, it is impossible to have a configuration with $k \ge 4$ sunny lines.
-
-/
lemma lem_k_ge_4_impossible (n k : ℕ) (hn : n ≥ 3) (hk : k ≥ 4) :
  ¬ (∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = n ∧
    (∀ p ∈ s n, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = k) := by
      -- By induction on $n$, we can conclude that for all $n \geq 3$, it is impossible to have a configuration with $k \geq 4$ sunny lines.
      induction' n, Nat.succ_le.mpr hn using Nat.le_induction with n ih;
      · -- Apply the reduction lemma to the assumed configuration with k=4 for n=3.
        by_contra h_contra
        obtain ⟨lines, hlines⟩ := h_contra;
        simp +zetaDelta at *;
        linarith [ show ( Finset.filter Sunny lines ).card ≤ 3 by exact hlines.2.1 ▸ Finset.card_filter_le _ _ ];
      · -- Apply Lemma~\ref{lem:reduction} to the assumed configuration for $n+1$.
        intro h
        obtain ⟨lines, hlines⟩ := h;
        by_cases h_non_sunny : ∃ l ∈ lines, ¬Sunny l ∧ (l = {v : ℝ × ℝ | v.1 = (1:ℝ)} ∨ l = {v : ℝ × ℝ | v.2 = (1:ℝ)} ∨ l = {v : ℝ × ℝ | v.1 + v.2 = (n + 2 : ℝ)});
        · -- Apply the reduction lemma to the current configuration, using the non-sunny line identified in h_non_sunny.
          obtain ⟨lines', hlines'⟩ := lem_reduction (n + 1) k (by linarith) ⟨lines, hlines.1, hlines.2.1, hlines.2.2.1, hlines.2.2.2, by
            bound;
            · exact Or.inl left_2;
            · exact Or.inr <| Or.inl left_2;
            · exact Or.inr <| Or.inr <| by convert left_2 using 1; push_cast; ring;⟩;
          exact ‹n ≥ 3 → ¬∃ lines : Finset ( Set ( ℝ × ℝ ) ), ( ∀ line ∈ lines, ∃ a b c : ℝ, ¬ ( a = 0 ∧ b = 0 ) ∧ line = { v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0 } ) ∧ lines.card = n ∧ ( ∀ p ∈ s n, ∃ l ∈ lines, p ∈ l ) ∧ ( Finset.filter Sunny lines ).card = k› ih ⟨ lines', hlines'.1, hlines'.2.1, hlines'.2.2.1, hlines'.2.2.2 ⟩;
        · by_cases h_boundary : {v : ℝ × ℝ | v.1 = (1:ℝ)} ∈ lines ∨ {v : ℝ × ℝ | v.2 = (1:ℝ)} ∈ lines ∨ {v : ℝ × ℝ | v.1 + v.2 = (n + 2 : ℝ)} ∈ lines;
          · norm_num +zetaDelta at *;
            rcases h_boundary with ( h | h | h );
            · specialize h_non_sunny _ h;
              norm_num at h_non_sunny;
              obtain ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩ := h_non_sunny;
              norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
              exact h₃ ( by linarith [ h₁.1 1 0 rfl, h₁.1 1 1 rfl ] );
            · have h_non_sunny_y1 : ¬Sunny {v : ℝ × ℝ | v.2 = 1} := by
                rintro ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩;
                norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
                exact h₂ ( by linarith [ h₁.1 0, h₁.1 1 ] );
              exact h_non_sunny _ h h_non_sunny_y1 |>.2.1 rfl;
            · specialize h_non_sunny _ h;
              norm_num +zetaDelta at *;
              obtain ⟨ a, b, c, h₁, h₂, h₃, h₄ ⟩ := h_non_sunny;
              norm_num [ Set.Subset.antisymm_iff, Set.subset_def ] at h₁;
              exact h₄ ( by linarith [ h₁.1 ( n + 2 ) 0 ( by ring ), h₁.1 ( n + 1 ) 1 ( by ring ), h₁.1 ( n ) 2 ( by ring ) ] );
          · have h_all_sunny : ∀ l ∈ lines, Sunny l := by
              intros l hl;
              contrapose! h_non_sunny;
              use l;
              bound;
              have := lem_boundary_lines_implication ( n + 1 ) ( by linarith ) lines;
              norm_num +zetaDelta at *;
              exact absurd ( this left_1 left left_2 h_boundary.1 h_boundary.2.1 ( mod_cast h_boundary.2.2 ) l hl ) h_non_sunny;
            have := lem_kn_impossible ( n + 1 ) ( by linarith );
            exact this ⟨ lines, hlines.2.1, h_all_sunny, hlines.2.2.1 ⟩

/-
For $n=3$, it is impossible to have a configuration with $k=2$ sunny lines.
-
-/
lemma lem_k2_impossible_n3 :
  ¬ (∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = 3 ∧
    (∀ p ∈ s 3, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = 2) := by
      -- Assume that there are two sunny lines, L1 and L2, and a third line, L3, that covers the remaining points.
      intro h
      obtain ⟨lines, hlines⟩ := h
      obtain ⟨L1, L2, L3, hL1, hL2, hL3, h_cover⟩ : ∃ L1 L2 L3 : Set (ℝ × ℝ), L1 ∈ lines ∧ L2 ∈ lines ∧ L3 ∈ lines ∧ L1 ≠ L2 ∧ L1 ≠ L3 ∧ L2 ≠ L3 ∧ Sunny L1 ∧ Sunny L2 ∧ ¬Sunny L3 ∧ (∀ p ∈ s 3, p ∈ L1 ∨ p ∈ L2 ∨ p ∈ L3) := by
        -- Since there are exactly 2 sunny lines, there must be exactly 1 non-sunny line.
        obtain ⟨L3, hL3⟩ : ∃ L3 : Set (ℝ × ℝ), L3 ∈ lines ∧ ¬Sunny L3 := by
          contrapose! hlines;
          rw [ Finset.filter_true_of_mem hlines ] ; aesop;
        -- Since there are exactly 2 sunny lines, we can obtain them from the filter.
        obtain ⟨L1, L2, hL1, hL2, hL_distinct⟩ : ∃ L1 L2 : Set (ℝ × ℝ), L1 ∈ lines ∧ L2 ∈ lines ∧ L1 ≠ L2 ∧ Sunny L1 ∧ Sunny L2 ∧ L1 ≠ L3 ∧ L2 ≠ L3 := by
          obtain ⟨ L1, hL1, L2, hL2, hne ⟩ := Finset.one_lt_card.1 ( by linarith : 1 < Finset.card ( Finset.filter Sunny lines ) ) ; use L1, L2; aesop;
        have := Finset.eq_of_subset_of_card_le ( show { L1, L2, L3 } ⊆ lines from by intros x hx; aesop ) ; aesop;
      -- Since $L3$ is not sunny, it must be of the form $x=c$, $y=c$, or $x+y=c$ for some constant $c$.
      obtain (hL3_x | hL3_y | hL3_xy) : (∃ c : ℝ, L3 = {v : ℝ × ℝ | v.1 = c}) ∨ (∃ c : ℝ, L3 = {v : ℝ × ℝ | v.2 = c}) ∨ (∃ c : ℝ, L3 = {v : ℝ × ℝ | v.1 + v.2 = c}) := by
        -- Since $L3$ is not sunny, by the lemma lem_non_sunny_form, it must be of the form $x=c$, $y=c$, or $x+y=c$.
        apply (lem_non_sunny_form L3 (by
        exact hlines.1 L3 hL3)).mp;
        exact ⟨ hlines.1 L3 hL3, h_cover.2.2.2.2.2.1 ⟩;
      · -- If $L3$ is of the form $x = c$, then it can only cover points where the $x$-coordinate is $c$. However, since $c$ is a constant, it cannot cover all three points in $s 3$.
        obtain ⟨c, hc⟩ := hL3_x
        have h_cover_x : ∀ p ∈ ({(1,1), (1,2), (1,3), (2,1), (2,2), (3,1)} : Set (ℝ × ℝ)), p ∈ L1 ∨ p ∈ L2 ∨ p ∈ L3 := by
          bound;
          exact right_1 _ ⟨ Nat.floor fst, Nat.floor snd, by rcases a with ( ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ ) <;> norm_num, by rcases a with ( ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ ) <;> norm_num, by rcases a with ( ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ ) <;> norm_num, by rcases a with ( ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ | ⟨ rfl, rfl ⟩ ) <;> norm_num ⟩;
        rcases h_cover.2.2.2.1 with ⟨ a, b, c, rfl, ha, hb, hab ⟩ ; rcases h_cover.2.2.2.2.1 with ⟨ d, e, f, rfl, hd, he, hde ⟩ ; norm_num [ hc ] at *;
        rcases h_cover_x.1 with h | h | rfl;
        · simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
          bound;
          any_goals contrapose! hde; linarith;
          exact hd ( by linarith );
        · simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
          bound;
          any_goals contrapose! hab; linarith;
          exact ha ( by linarith );
        · norm_num at *;
          bound;
      · obtain ⟨ c, rfl ⟩ := hL3_y;
        -- Let's consider the points $(1,1)$, $(1,2)$, $(1,3)$, $(2,1)$, $(2,2)$, $(3,1)$ and see which ones are covered by the lines $L1$ and $L2$.
        have h_points : ∀ p ∈ ({(1,1), (1,2), (1,3), (2,1), (2,2), (3,1)} : Set (ℝ × ℝ)), p ∈ L1 ∨ p ∈ L2 ∨ p ∈ {v : ℝ × ℝ | v.2 = c} := by
          exact fun p hp => h_cover.2.2.2.2.2.2 p <| by rcases hp with ( rfl | rfl | rfl | rfl | rfl | rfl ) <;> [ exact ⟨ 1, 1, by norm_num ⟩ ; exact ⟨ 1, 2, by norm_num ⟩ ; exact ⟨ 1, 3, by norm_num ⟩ ; exact ⟨ 2, 1, by norm_num ⟩ ; exact ⟨ 2, 2, by norm_num ⟩ ; exact ⟨ 3, 1, by norm_num ⟩ ] ;
        rcases h_cover.2.2.2.1 with ⟨ a, b, c, rfl, ha, hb, hab ⟩ ; rcases h_cover.2.2.2.2.1 with ⟨ d, e, f, rfl, hd, he, hde ⟩ ; norm_num at *;
        rcases h_points.1 with h | h | rfl;
        · simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
          bound;
          any_goals contrapose! hde; linarith;
          grind +ring;
        · simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
          bound;
          any_goals contrapose! hab; linarith;
          grind +ring;
        · norm_num at *;
          bound;
      · obtain ⟨ c, rfl ⟩ := hL3_xy;
        -- Let's consider the points in $s_3$ and see which ones can be covered by the sunny lines $L1$ and $L2$.
        have h_points : ∀ p ∈ ({(1,1), (1,2), (1,3), (2,1), (2,2), (3,1)} : Set (ℝ × ℝ)), p ∈ L1 ∨ p ∈ L2 ∨ p ∈ {v : ℝ × ℝ | v.1 + v.2 = c} := by
          exact fun p hp => h_cover.2.2.2.2.2.2 p <| by rcases hp with ( rfl | rfl | rfl | rfl | rfl | rfl ) <;> [ exact ⟨ 1, 1, by norm_num ⟩ ; exact ⟨ 1, 2, by norm_num ⟩ ; exact ⟨ 1, 3, by norm_num ⟩ ; exact ⟨ 2, 1, by norm_num ⟩ ; exact ⟨ 2, 2, by norm_num ⟩ ; exact ⟨ 3, 1, by norm_num ⟩ ] ;
        rcases h_cover.2.2.2.1 with ⟨ a, b, c, rfl, ha, hb, hab ⟩ ; rcases h_cover.2.2.2.2.1 with ⟨ d, e, f, rfl, hd, he, hde ⟩ ; norm_num at *;
        rcases h_points.1 with h | h | rfl;
        · simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
          bound;
          all_goals contrapose! hde; linarith;
        · simp_all ( config := { decide := Bool.true } ) [ ← eq_sub_iff_add_eq ];
          bound;
          all_goals contrapose! hab; linarith;
        · norm_num at *;
          bound;
          any_goals contrapose! hde; linarith;
          all_goals contrapose! hab; linarith

/-
For any integer $n \ge 3$, it is impossible to have a configuration with $k=2$ sunny lines.
-
-/
lemma lem_k2_impossible (n : ℕ) (hn : n ≥ 3) :
  ¬ (∃ lines : Finset (Set (ℝ × ℝ)),
    (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v | a * v.1 + b * v.2 + c = 0 }) ∧
    lines.card = n ∧
    (∀ p ∈ s n, ∃ l ∈ lines, p ∈ l) ∧
    (lines.filter Sunny).card = 2) := by
      -- Assume for contradiction that there exists a configuration with $k=2$ sunny lines.
      by_contra h_contra;
      -- By Lemma~\ref{lem:reduction}, if there exists a configuration with $k=2$ for $n \geq 4$, then there exists a configuration with $k=2$ for $n-1$.
      have h_reduction : ∀ n ≥ 4, (∃ lines : Finset (Set (ℝ × ℝ)), (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = {v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0}) ∧ lines.card = n ∧ (∀ p ∈ s n, ∃ l ∈ lines, p ∈ l) ∧ (Finset.filter Sunny lines).card = 2) → (∃ lines : Finset (Set (ℝ × ℝ)), (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = {v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0}) ∧ lines.card = n - 1 ∧ (∀ p ∈ s (n - 1), ∃ l ∈ lines, p ∈ l) ∧ (Finset.filter Sunny lines).card = 2) := by
        -- Apply Lemma~\ref{lem:reduction} to the given configuration for $n \geq 4$.
        intros n hn h_config
        obtain ⟨lines, hlines⟩ := h_config;
        by_cases h_boundary : {v : ℝ × ℝ | v.1 = (1:ℝ)} ∈ lines ∨ {v : ℝ × ℝ | v.2 = (1:ℝ)} ∈ lines ∨ {v : ℝ × ℝ | v.1 + v.2 = (n + 1 : ℝ)} ∈ lines;
        · have := lem_reduction n 2 ( by linarith );
          exact this ⟨ lines, hlines.1, hlines.2.1, hlines.2.2.1, hlines.2.2.2, h_boundary ⟩;
        · have := lem_boundary_lines_implication n ( by linarith ) lines;
          simp_all ( config := { decide := Bool.true } );
          exact absurd hlines.2.2.2 ( by rw [ Finset.filter_true_of_mem this ] ; linarith );
      -- By repeatedly applying the reduction lemma, we can reduce the problem to the case where $n=3$.
      have h_reduction_to_3 : ∀ n ≥ 4, (∃ lines : Finset (Set (ℝ × ℝ)), (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = {v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0}) ∧ lines.card = n ∧ (∀ p ∈ s n, ∃ l ∈ lines, p ∈ l) ∧ (Finset.filter Sunny lines).card = 2) → (∃ lines : Finset (Set (ℝ × ℝ)), (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = {v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0}) ∧ lines.card = 3 ∧ (∀ p ∈ s 3, ∃ l ∈ lines, p ∈ l) ∧ (Finset.filter Sunny lines).card = 2) := by
        intro n hn h;
        induction' hn with n hn ih;
        · exact h_reduction 4 ( by norm_num ) h;
        · exact ih ( h_reduction _ ( Nat.le_succ_of_le hn ) h );
      by_cases hn4 : n ≥ 4;
      · exact lem_k2_impossible_n3 ( h_reduction_to_3 n hn4 h_contra );
      · exact lem_k2_impossible_n3 ( by interval_cases n ; exact h_contra )

/-
A line in the plane is called sunny if it is not parallel to any of the $x$-axis, the $y$-axis, and the line $x+y=0$.
Let $n \geqslant 3$ be a given integer. Determine all nonnegative integers $k$ such that there exist $n$ distinct lines in the plane satisfying both of the following:
- for all positive integers $a$ and $b$ with $a+b \leqslant n+1$, the point $(a, b)$ is on at least one of the lines; and
- exactly $k$ of the $n$ lines are sunny.
-/
theorem main_theorem
  (n : ℕ)
  (hn : n ≥ 3) :
  {0, 1, 3} = { k | ∃ lines : Finset (Set (ℝ × ℝ)),
      (∀ line ∈ lines, ∃ a b c, ¬ (a = 0 ∧ b = 0) ∧ line = { v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0 }) ∧
      lines.card = n ∧
      (∀ a b : ℕ, 0 < a ∧ 0 < b ∧ a + b ≤ n + 1 → ∃ (l : Set (ℝ × ℝ)), l ∈ lines ∧ ((a : ℝ), (b : ℝ)) ∈ l) ∧
      ((lines.filter (fun l => ∃ a b c, l = { v : ℝ × ℝ | a * v.1 + b * v.2 + c = 0 } ∧ a ≠ 0 ∧ b ≠ 0 ∧ a ≠ b)).card = k) } := by
        ext k;
        -- For the forward direction, if k is 0, 1, or 3, then by the lemmas we have, there exists such a set of lines.
        apply Iff.intro;
        · simp +zetaDelta at *;
          -- For each case, we can apply the corresponding lemma to construct the required set of lines.
          intro hk
          cases' hk with hk0 hk1 hk3;
          · convert lem_k0_possible n hn;
            · aesop;
            · -- By definition of $s$, if $(a, b) \in s n$, then there exist $a$ and $b$ such that $0 < a$, $0 < b$, $a + b \leq n + 1$, and $(a, b) = ((a : ℝ), (b : ℝ))$.
              unfold s; aesop;
            · -- By definition of Sunny, if there exist a, b, c such that the line is defined by a*x + b*y + c = 0 and a, b are non-zero and not equal, then the line is sunny.
              unfold Sunny; aesop;
          · bound;
            · convert lem_k1_possible n hn;
              · bound;
              · unfold s; aesop;
              · unfold Sunny; aesop;
            · convert lem_k3_possible n hn;
              · bound;
              · unfold s; aesop;
              · unfold Sunny; aesop;
        · -- By combining the results from the lemmas, we can conclude that k must be 0, 1, or 3.
          intros hk
          obtain ⟨lines, hlines⟩ := hk;
          -- By Lemma~\ref{lem:k_ge_4_impossible}, $k \leq 3$.
          have hk_le_3 : k ≤ 3 := by
            have := lem_k_ge_4_impossible n k hn;
            contrapose! this;
            simp +zetaDelta at *;
            exact ⟨ this, lines, hlines.1, hlines.2.1, fun a b hab => by rcases hab with ⟨ a', b', ha', hb', hab', rfl, rfl ⟩ ; exact hlines.2.2.1 a' b' ha' hb' hab', by convert hlines.2.2.2 using 2; ext; unfold Sunny; aesop ⟩;
          interval_cases k <;> norm_num;
          -- By Lemma~\ref{lem:k2_impossible}, there cannot be a configuration with $k=2$.
          apply lem_k2_impossible n hn;
          use lines;
          unfold Sunny; aesop;
          cases a_1 ; aesop
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17    | _ -> […] 

18  let interp v = translate_vernac v



1   let interp_notation = […] 

2   let instantiate_notation_constr n = […] 

3   let intern_notation n =  
4     let notation = interp_notation n in 
5     instantiate_notation_constr notation 

6   let internalize (Wrap c) = 
7     let rec intern = function 
8       | CNotation n -> 
9           let c = intern_notation n in 
10          intern c 
11      | _ -> […] 
12    in 
13    intern c 

14  let translate_vernac = function 
15    | VernacSynPure (VernacDefinition e) -> 
16        internalize e 
17    | _ -> […] 

18  let interp v = translate_vernac v
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4     let notation = interp_notation n in 
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6   let internalize (Wrap c) = 
7     let rec intern = function 
8       | CNotation n -> 
9           let c = intern_notation n in 
10          intern c 
11      | _ -> […] 
12    in 
13    intern c 

14  let translate_vernac = function 
15    | VernacSynPure (VernacDefinition e) -> 
16        internalize e 
17    | _ -> […] 

18  let interp v = translate_vernac v



1   let interp_notation = […] 

2   let instantiate_notation_constr n = […] 

3   let intern_notation n =  
4     let notation = interp_notation n in 
5  -  instantiate_notation_constr notation 

6   let internalize (Wrap c) = 
7     let rec intern = function 
8       | CNotation n -> 
9           let c = intern_notation n in 
10          intern c 
11      | _ -> […] 
12    in 
13    intern c 

14  let translate_vernac = function 
15    | VernacSynPure (VernacDefinition e) -> 
16        internalize e 
17    | _ -> […] 

18  let interp v = translate_vernac v

1   let interp_notation = […] 

2   let instantiate_notation_constr n = […] 

3   let intern_notation n =  
4     let notation = interp_notation n in 
5  +  notation, instantiate_notation_constr notation 

6   let internalize (Wrap c) = 
7     let rec intern = function 
8       | CNotation n -> 
9           let c = intern_notation n in 
10          intern c 
11      | _ -> […] 
12    in 
13    intern c 

14  let translate_vernac = function 
15    | VernacSynPure (VernacDefinition e) -> 
16        internalize e 
17    | _ -> […] 

18  let interp v = translate_vernac v



1   let interp_notation = […] 

2   let instantiate_notation_constr n = […] 

3   let intern_notation n =  
4     let notation = interp_notation n in 
5  -  instantiate_notation_constr notation 

6   let internalize (Wrap c) = 
7  -  let rec intern = function 
8       | CNotation n -> 
9  -        let c = intern_notation n in 
10 -        intern c 
11 -    | _ -> […] 
12    in 
13 -  intern c 

14  let translate_vernac = function 
15    | VernacSynPure (VernacDefinition e) -> 
16        internalize e 
17 -  | _ -> […] 

18  let interp v = translate_vernac v

1   let interp_notation = […] 

2   let instantiate_notation_constr n = […] 

3   let intern_notation n =  
4     let notation = interp_notation n in 
5  +  notation, instantiate_notation_constr notation 

6   let internalize (Wrap c) = 
7  +  let rec intern acc = function 
8       | CNotation n -> 
9  +        let n, c = intern_notation n in 
10 +        intern (n :: acc) c 
11 +    | _ -> acc, […] 
12    in 
13 +  intern [] c 

14  let translate_vernac = function 
15    | VernacSynPure (VernacDefinition e) -> 
16        internalize e 
17 +  | _ -> [], […] 

18  let interp v = translate_vernac v
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Decomposition
Current goal Isolation

n : nat 
fact_div : 

n %| factorial n  

0 < n

Definition n : nat. 
Definition fact_div :  
n %| factorial n.

Definition concl : 0 < n.

Why isolation? 
→ issue with parsing only notations 

The coercion  
is visualised as  
in the current goal.


Error occurs 

when type-checking 


With isolation, error occurs only on 

concerned hypotheses.

x = y :> T
x = y

x = y

Notations



Decomposition Notations
Current goal Isolation Extraction Retrieval

n : nat 
fact_div : 

n %| factorial n  

0 < n

Definition n : nat. 
Definition fact_div :  
n %| factorial n.

Definition concl : 0 < n.

[] 

["_ %| _"]

["_ < _"]

"m %| d" := (dvdn m d) : nat_scope

"m < n" := (leq (S m) n) : nat_scope

Modified 
Interpreter

Notations



Context enrichment: 
LLM4Docq



MathComp: ~15,000 theorems 
→ use LLMs to annotate the library
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MathComp: ~15,000 theorems 
→ use LLMs to annotate the library



LLM4Docq results

• 2 full iterations over MathComp = 20,000 objects annotated


• 600 docstrings reviewed:

Responses Percentage

Acceptable 82 %

Need improvement 15 %

Incorrect 3 %

Need improvement 
issue Percentage

Inconsistent phrasing 
or terminology 48 %

Too verbose 32 %

Lack precision / 

omit key details 20 %



Experiments



• Configurations:       G   —   G + D + L   —   G + D & N   —   G + D & N + L 
Example:

n : nat 
fact_div : 

n %| factorial n  

0 < n

Inductive nat : Set := 
  | O : nat 
  | S : nat -> nat. 

Fixpoint factorial n := 
  if n is n’.+1 then n * factorial n’  
  else 1.

Notation "m %| d" := (dvdn m d) : nat_scope. 

Notation "m < n" := (leq (S m) n) : nat_scope.

This is an inductive type 
representing the set of 
natural numbers, … 

This definition computes 
the factorial of a natural 
number, …

This notation provides a 
symbol for the 
divisibility relation … 

This notation represents 
the 'strictly less than' 
comparison …



• Configurations:       G   —   G + D + L   —   G + D & N   —   G + D & N + L 

• Pass@k:   k ∈ {1, 4, 8, 32}

probability of one success among k generated samples

Example: pass@4

tac1

tac2

tac3

tac4

tac1

tac2

tac3

tac4



Results

1. Bigger models benefit the most 
from additional context
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2. Smaller models seem to lack 
sufficient ability to use the context



Results

1. Bigger models benefit the most 
from additional context


2. Smaller models seem to lack 
sufficient ability to use the context


3. Qwen3 models: trained with 
mathematical and coding tasks 

→ may explain their overall good 
performance 



Metrics: 

does the generated tactic type-checks ?


does the generated tactic produces a new goal ? 

does the generated tactic is the same as the MathComp one ? 


does the generated tactic produces the same MathComp goal ? 

— Almost always true.


— Almost always false.


— Almost always false.



Motivations:

Opaque models: what is 
important to them?

Useful for Rocq users

Not enough compute power

Tacq:

• Experiments on models and 
available information

• Tools: 
‣ Pytanque: context extraction 
‣ LLM4Docq: automatic natural 

language annotation

• Next tactic prediction pipeline



Futur works: 

• Fine tuning models on next tactic prediction

• Explore other predictions (e.g., the target goal)

• LLM4Docq: annotate content defined implicitly by Hierarchy Builder

Pull requests:

Special thanks to MathComp experts that helped us review LLM4Docq annotations!

The list of contributors can be seen at https://github.com/LLM4Rocq/LLM4Docq-MathComp

If you also want to contribute, follow the instructions written in the GitHub repository.


